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FOREWORD 


This  report  was  prepared  for  the  Flight  Dynamics  Laboratory,  Aeronautical  Systems 
Division,  Wright-Patterson  Air  Force  Base,  Ohio.  The  research  work  was  accomplished 
by  Lockheed  Aircraft  Corporation,  Georgia  Division,  Marietta,  Georgia,  under  Air 
Force  Contract  AF  33(616)-7546,  "Development  of  an  Analytical  Method  to  Determine 
Dynamic  Loads  Induced  by  Ground  Operation  of  Aircraft",  Project  No.  1367,  "Struc¬ 
tural  Design  Criteria",  Task  No.  13451,  "Design  Criteria  for  Ground  Irduced  Loads". 
The  work  was  administered  under  the  direction  of  the  Dynamics  Branch,  Flight  Dynamics 
Laboratory,  with  Mr.  Walter  Dunn  acting  as  project  engineer. 

This  report  covers  work  corducted  from  June  1960  to  June  1961 . 

The  autlor  wishes  to  express  his  sincere  appreciation  for  the  contributions  of 
S.  W.  Robinson,  C.  H.  Griffin,  and  J.  W.  Benson  of  the  Mathematical  Analysis 
Department  whose  valuable  assistance  was  indispensable  to  the  massive  data  processing 
involved  in  this  program. 
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ABSTRACT 


Methods  are  developed  for  the  prediction  of  ground  taxiing  loads  for  advanced 
flight  vehicles.  The  theory  presented  is  generally  applicable  to  determining  the 
taxiing  response  of  vehicles  operated  on  prepared  or  unprepared  terrain  v/ith  randomly 
distributed  surface  undulations.  The  vehicle,  with  many  degrees  of  flexibility  aryJ 
nonlinearities  of  the  shock  strut,  is  represented  in  a  generalized  LaGrangian  coordinate 
system.  Nonlinear  solutions  are  obtained  in  closed  analytical  form,  and  on  analog  and 
digital  computers,  to  various  degrees  of  approximation  for  taxiing  over  an  existing  run¬ 
way  profile.  Equivalent  linearized  transfer  functions  are  developed  for  comparison  on 
the  basis  of  power  and  cross  spectral  densities,  load  occurrences,  and  probabilities  tor 
a  variety  of  speeds  and  nonlinear  parameters.  Test  data  are  used  to  substantiate 
theoretical  results  where  applicable. 


PUBLICATION  REVIEW 


This  report  has  been  reviewed  and  is  app-oved. 


FOR  THE  COMMANDER 


Technicaul  Director 
Flight  Dynamics  Laboratory 
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b. 


-  Amplitude  of  the  frequency  component,  to  ,  of  y(t),  In. 

,,  j  i.  r  .th  .  2 

-  Hydraulic  area  ot  i  strut,  m. 

-  Arbitrary  constant  In  oleo  air  spring  term,  empirically  derived  from 

drop  test  data.  (Units  depend  upon  the  polytropic  exponent.) 


Wing  area,  in.  ^ 


th 


-  Effective  modal  area  for  cross  coupling  damping  terms,  k  mode 

to  n^  mode,  in.^ 

-  (Appendix  E  only)  magnitude  of  the  linear  contribution  to  the 

differential  equation  solution,  in. 

-  (Appendix  E  only)  magnitude  of  the  nonlinear  contribution  to  the 

differential  equation  solution,  in. 

-  Area  of  opening  in  orifice  plate  of  i^^  strut,  In.^ 

-  Cycles  off  resonance  of  filter  edge  (half-power  point),  1/sec 

-  Amplitude  of  the  frequency  component,  a> ,  of  a  random  function,  y(t) 

-  Coefficient  of  tire  spring  term.  (Units  depend  upon  02- •) 

-  Exponent  of  tire  spring  term 

-  Generalized  LaGrangian  coordinate  displacement  in  the  n^^  mode,  ia, 

n  =  0,  1 ,  2,  .  .  .m . 

-  Affine  transformation  constant,  (norxdimensional) . 

-  Modal  unit  bending  moment  coefficient,  n  mode,  for  q  wing  panel, 

lb-in. 

-  Modal  umt  bending  moment  coefficient,  pitch  mode,  for  q^^  wing  panel, 

lb-in. 

-  Exponential  coefficient  in  Wagner  indicial  delay  function 

-  Arbitrary  constant  in  oleo  air  spring  term  (empirically  derived  from 

drop  test  data),  in. 

-  Critical  damping  constant,  Ib-sec/ln. 
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Orifice  coefficient 


-  Aerodyromic  domper  on  of  equivolent  system  (lineor),  Ib-sec/in. 

-  Aeiodyramic  domper  on  of  equivalent  system  (linear),  Ib-sec/in. 

th 

-  Wing  chord  length  ot  outboard  edge  of  q  wing  panel 

-  Lift  curve  slope  for  the  wing,  per  rodion 

th 

-  Damping  coefficient,  n  mode,  T  c^,  Ib-sec/in. 

-  Damping  coefficient  between  and  for  equivalent  three  mass 

lit)ear  system,  Ib-sec/in. 


1/2  C,  /’A  •  V  ,  Ib-sec/rad-in. 
L  cx  H 


Coefficient  of  quadratic  domping  term,  Ib-sec^/in. 


2(c.  A  .)' 
d  01 


-  Differential  operator,  — 

dt 

-  Coefficient  of  linearized  damping  term,  Ib-sec/in. 


-  Orifice  diameter,  i  gear,  in. 

-  Coefficient  in  Wagner  indicial  delay  function 

-  Energy  change  of  system  (with  A  prefix),  lb-in. 

-  Energy  dissipation  of  the  linear  system  damper,  lb-in. 

-  Energy  dissipation  of  the  nonlinear  system  damper,  lb-in. 

-  Air  compression  force  in  strut,  i^^  gear,  lb 

th 

-  Axial  friction  force  in  strut,  i  gear,  lb 

-  Ground  drag  load,  lb 

-  Driving  force  magnitude  divided  by  the  nonlinear  spring  coefficient, 

(Units  depend  upon  l^|,^|^-) 

-  Spring  force,  lb 


Vertical  strut  force,  i  gear  (F^),  lb 
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-  Vertical  tire  force,  I  gear  (F^),  lb 

th 

-  Amplitude  of  r  cycle  of  oscillation  of  a  qoanri'’y 

Coefficients  in  the  transfer  function  for  the  linear  system,  Ib/in. 
th 

-  Amplitude  of  0  cycle  of  oscillation  of  a  quontity 

2 

-  Gravitatiorwl  constant,  in/sec 

-  Coefficient  in  Wagner  irxJicial  delay  function 

th 

-  Coefficient  of  the  k  order  harmonic  In  the  nonlinear  solution 

th  2 

“  Moment  of  inertia  about  center  of  gravity  of  q  wing  panel,  lb-sec  -in. 

th  2 

-  Moment  of  inertia  of  the  q  wing  panel  about  the  elastic  axis,  lb-sec  -in. 

-  Total  moment  of  inertia  of  the  airplane  in  pitch  about  the  center  of  gravity, 

lb-sec  -in. 

-  Complex  number, 

-  Statisticol  number  of  degrees  of  freedom 

th 

-  Linearized  strut  air  spring  constant,  i  gear,  Ib/in. 

-  Linearized  strut  air  spring  intercept,  (at  s.  =  0),  lb 

"  Tire-plus-strut  spring  constant  (function  of  Z  generally),  Ib/in. 

-  Constant  derived  from  drop  test  data  to  match  results,  lb 

-  Lift  ratio  of  airplane, 

W 

o 

-  Coefficient  of  the  nonlinear  term  far  strut  stiffness,  lb/(in.) 

-  The  positive  number  of  standard  deviations  from  the  mean 

-  Spring  constant  for  the  elastically  connected  mass  M  ,  Ib/in. 

-  Linear  tire  spring  constant,  Ib/in. 

-  Distance  along  fuselage  reference  line  from  center  of  gravity  to  landing 

gear  attachment  point,  (+  forward),  in. 


-  Wing-lift  force,  positive  up,  for  semi-span,  lb 
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-  Linear  part  of  time-wise  solution,  in. 

-  Distance  along  fuselage  reference  line  from  elastic  axis  to  landing 

gear  attachment  point,  i,  in. 

-  Main  .mass  of  the  simplified  nonlinear  system;  or  for  the  transformed 

three  nwss  system,  lb-sec Vin* 

th  2 

-  Generalized  mass  of  n  mode,  (half  airplane),  lb-sec  /in.; 

n  =  1 ,  2,  .  .  .  m 

2 

-  Mass  of  rigid  body  (half  airplane),  lb-sec  /in. 

-  Exponential  coefficient  in  Wagner  indicial  delay  function  . 

-  Number  of  uniformly  spaced  points  over  the  frequency  range  at  which 

power  estimates  are  desired. 

th  2 

-  Mass  of  the  q  wing  panel,  lb-sec  /in. 

-  Unsprung  mass  of  i^**  landing  gear,  Ib-sec^in. 

2 

-  Elastically  connected  mass  for  the  transformed  three  mass  system,  lb-sec  /in. 

-  Wing  bending  moment,  q^^^  panel,  positive  for  up  bending,  lb-in. 

th 

-  Wing  torsion  moment,  q  panel,  positive  nose  down  on  left  wmg,  ib-in. 

-  Nonlinear  part  of  timewise  solution,  in. 

-  Number  of  equally  spaced  readings  in  0  .j. 

-  Occurrences;  the  number  of  times  per  unit  time  that  the  function,  y, 

will  exceed  a  magnitude  of  y  =  K  O'  /  1/sec 

-  Maximum  amplitude  of  harmonically  oscillating  ground  profile,  In. 

-  Runway  vertical  amplitude,  i^^  gear,  in. 

-  Ratio  of  nonlinear  to  linear  solution  magnitudes 

-  Magnitude,  =  (T| 

-  Modal  unit  shear  constants,  n^^  mode,  for  the  q^^  wing  pane  I,  lb 


-  Modal  unit  shear  constant,  pitch  mode,  for  the  q  wing  panel,  Ib-ln, 
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s,(0 


zq 


cnq 


c  eq 


V“> 


th 

Strut  deflection  for  i  strut,  in. 

Loplocion  operator  (Appendix  D  only) 

Wing  shear  at  station  q,  positive  up,  lb 

th  2 

Static  nfKiss  unbalance  of  q  v/ing  panel,  lb-sec 

Modal  unit  torsion  moment  coefficient,  n^^  mode,  for  q^^  wing  panel, 

I b- i n . 

Modal  unit  torsion  moment  coefficient,  pitch  mode,  for  q^^  wing  panels 
lb-in. ^ 

Transfer  function  for  output  response  from  power  spectra 
Transfer  function  (subscript  indicates  the  quantity) 

Time,  sec 


preload  -  Time  of  preload,  sec 

Transfer  function  for  output  response  from  cross- spectra  I  density 
Horizontal  velocity,  fps 


To|(i^  ) 


W 


nf 


W  . 
ni 


W 

nq 

W  . 

ui 

W 

W 


-  Normalized  bending  deflection  In  the  n^^  mode  at  the  nomirwl  airplane 

center  of  gravity. 

-  Normalized  bending  deflection  in  the  n^^  mode  at  the  i^^  landing  gear 

location. 

t  H  t  H 

-  Normalized  bending  df-'flecrion  In  the  n  mode  at  the  q  wing  panel 

or  station. 

-  Weight  of  the  unsprung  mass  of  gear  i,  lb 

-  Total  weight  of  half  the  airplane,  lb 

-  Airplane  gross  weight  less  the  weight  of  the  struts  (per  half  airplane),  lb 

-  Normalized  amplitude  of  Universal  Resonance  Curves  (Apperdix  D  only) 

-  Independent  variable  of  transformed  nonlinear  system  in  Appendix  J. 

-  Wing  coordinate  for  the  q^^  station,  positive  outward  on  left  wing,  in. 
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'(0  ~  A  random  function  of  time 

'p  -  The  level  of  y(t) 

'  -  Arithmetic  meon  of  y(t) 

~  Wing  I ift  less  stotic  weight,  i  Ih 

[  -  (s  +  Z  )  -Z  .  .  :  (Incremental  strut-plus-tire  deflection),  in. 

'  .  -  (s  +  Z  )  .in. 

static  u  stotic, 

-  Equivalent  system  mass,  M^,  displacement,  in. 

-f(0  ■  Airplane  nomirxjl  center  of  gravity  vertical  displacement  (olso.  Equivalent 

system  nxiin  moss  displacement),  in. 

-  Vertical  displacement  at  the  i^^  larxiing  gear  axle.  In. 

L  -  Vertical  displacement  of  the  i  ^  landing  gear  attachment  point,  in. 

'.j.  -  Wing  tip  vertical  displacement,  in. 

-  Incremental  strut  vertical  force,  i^^  gear,  lb 

-  Incremental  tire  vertical  force,  i^^  geor,  lb 

A  M  -  Incremental  wing  bending  moments  at  station  q  (positive  up  bending),  lb-in.; 
xq 

q  z  1  (nomirxil  wing  root  station) 
q  z  6  (inboard  of  outboard  rxicelle) 

aM  -  Incremental  wing  torsion  moments  at  station  q  (positive  nose  down),  lb-in. 

yq 

aS  ^  -  Incremental  wing  ihears  at  station  q  (positive  up),  lb 

At  -  Sampling  interval,  sec 
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GREEK  SYMBOLS: 


2  2 

Square  of  nafural  circular  frequency  (  =  OJ  ),  l/sec 

The  average  angle  of  attack  of  airplane  wing,  radians 

Skewness  factor  for  frequency  density  distributions 

K^l/^o  (units  deperxJ  upon  the  nonlinearity.) 

Root  -  mean  -  square  (subscript  indicates  the  quantity) 

Root  -  mean  -  square  level  for  runway  amplitudes,  ft  or  in. 

Wagner  function,  irtdicial  delay  in  lift  build-up  on  air  foil 

Torsional  deflection  at  the  center  of  gravity  in  the  n^^'  mode,  rad/in. 

th  th 

Torsional  deflection  at  the  i  landing  gear  location  in  the  n  mode,  rad/in. 

th  th 

Torsiorxil  deflection  at  q  wing  station  in  the  n  mode,  rad/in. 

Pow:*-  spectral  density  (subscript  indicates  the  quantity) 

Power  spectral  input 
Power  spectral  output 
Cross  -  spectral  density 
Angular  variable,  see  Equation  60J 
Spatial  frequency,  rad/ft 
Forcing  frequency,  rad/sec 

Resonance  frequency,  undamped  (In  Appendix  H,  forcing  frequency),  rad/sec 

Resonance  frequency,  damped,  rad/sec 

Resonance  frequency,  of  for  equivalent  system,  rad/sec 

Resonance  frequency  of  M  for  equivalent  system,  rad/sec 

th 

Distance  from  airplane  elastic  axis  to  i  landing  gear  attachment  point, 
positive  forward,  in. 
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XV 


Distance  from  airplane  center  of  gravity  to  airplane  lift  center  of 
pressure  (  forward)  ,  in. 
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EXPONENTS: 


•  Exponent  of  nonlinear  spring  term. 

-  Polyfropic  oir  compression  exponent 


SUBSCRIPTS  AND  INDICES: 


-  Derotes  center  of  pressure. 

-  Derotes  nominal  airplane  center  of  gravity;  or  romirol  fuselage  station 

of  airplane . 

-  Derotes  hydraulic  area  of  piston  in  strut. 

-  Derotes  a  landing  gear  number,  i  r  1,  2,  3.  (1)  refers  to  the  rose 

(2)  to  the  front  main,  artd  (3)  to  the  rear  main  landing  gear. 

ih  th 

-  k  coefficient  of  the  k  harmonic  term  In  nonlinear  solution. 

-  Lift;  or  linear. 

-  Is  the  total  number  of  flexible  modes  in  coupled  vertical  bending  and  torsion. 

-  Iso  running  index  representing  mode  number. 

th 

-  Columns  In  the  transfer  function  matrix;  or  the  p  level  of  occurrence. 

“  Isa  running  index  representing  wing  panel  or  stations,  q  =  1,  2.  .  .u. 

-  Rows  in  the  transfer  function  rrratrix. 

-  Refers  to  the  strut;  or  to  the  spring  connected  mass  of  transformed  system. 

-  Is  the  total  number  of  wing  stations  per  half  airplane. 


-  Total  number  of  landing  gears  on  the  vehicle. 


ASD  TR  61-177 


ABBREVIATIONS: 


B. W. 

C. G. 
N.L. 
p.l. 


rw 

T.P. 


PSD 

oc 


Bond  widfh  (of  filter) 

Center  of  gravity 
NonI  inear 
Preload  on  a  strut 
Runwoy 

Tire  pressure,  psi 
Also: 

Denotes  differentiation  with  respect  to  time. 

Denotes  differentiation  with  respect  to  a  space  coordinate. 
Indicates  the  absolute  value 
Power  spectral  density 
Indicates  proportional  to 


XV  i  i  i 


ASD  TR  61-177 


LIST  OF  ILLUSTRATIONS 


FIGURE 

TITLE 

PAGE 

1. 

View  of  Example  Airplane  Showing  the  Landing  Gear  Arrangement 

Studied 

4 

2  . 

Sketch  of  Landing  Geor  Arrangement  Studied 

5 

3. 

Wing  Chord  arxJ  Modal  Coordinate  Sign  Convention 

6 

4. 

Three  Degrees  of  Freedom  System  Consideied  in  the  Equivalent  Linear 
Analysis 

7 

5. 

Typical  Nonlinear  Frequency  Response  Variation  for  Single  Degree  of 
Freedom  Analysis 

52 

6. 

Simplified  Nonlinear  System,  Spring  Force  Deflection  Curve 

53 

7. 

Transient  and  Steady  State  Response  of  Nonlinear  System  to  Harmonic 
Excitation  at  f  =  .50  cps 

54 

8. 

Transient  and  Steady  State  Response  of  Nonlinear  System  to  Harmonic 
Excitation  at  f  =  1 .0  cps 

55 

9. 

Transient  and  Steady  State  Response  of  Nonlinear  System  to  Harmonic 
Excitation  at  f  =  1.25  cps 

56 

10. 

Transient  and  Steady  State  Response  of  Nonlinear  System  to  Harmonic 
Excitation  at  f  =  1.7  cps 

57 

II . 

Transient  and  Steady  State  Response  of  Nonlinear  System  to  Harmonic 
Excitation  at  f  =  3.3  cps 

58 

12. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  .5  cps 

59 

13. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  1  .0  cps 

59 

14. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  1.25  cps 

60 

15. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  1.5  cps 

60 

16. 

Steady  State  ResfX)nse  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  1  .70  cps 

60 

ASD  TR  61-177 


XIX 


FIGURE 

TITLE 

PAGE 

17. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  2.0  cps 

61 

18. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency;  3.3  cps 

62 

19. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Tire  Force, 
Driving  Frequency:  5.0  cps 

62 

20. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency;  .5  cps 

63 

21 . 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency:  1.0  cps 

63 

22. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency;  1.25  cps 

64 

23. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency;  1.5  cps 

64 

24. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency;  1.7  cps 

65 

25. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency:  2.0  cps 

65 

26. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment,  Driving  Frequency:  3.3  cps 

66 

27. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing  Root 
Bending  Moment ,  Driving  Frequency:  5.0  cps 

66 

28. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

Torsion  Moment  at  Outboard  Nacel le.  Driving  Frequency;  .5  cps 

67 

29. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

I’csion  Moment  at  Outboard  Nacelle,  Driving  Frequency:  1  .0  cps 

67 

30. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

Torsion  Moment  at  Outboard  Nacel  le.  Driving  Frequency:  1.25  cps 

68 

31. 

Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

Torsion  Moment  at  Outboard  Nacelle,  Driving  Frequency:  1.5  cps 

68 

ASD  TR  61-177 


XX 


FIGURE  TITLE  PAGE 

32.  Steady  State  Response  Time  History  for  the  Nor.lineor  System  Wing 

Torsion  Moment  ot  Outboard  Nacelle,  Driving  Frequency:  1.70  cps  69 

33.  Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

Torsion  Moment  ot  Outboard  Nacelle,  Driving  Frequency:  2.0  cps  69 

34.  Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

Torsion  Moment  at  Outboard  Nacelle,  Driving  Frequency;  3.3  cps  70 

35.  Steady  State  Response  Time  History  for  the  Nonlinear  System  Wing 

Torsion  Moment  ot  Outboard  Noceile,  Driving  Frequency:  5.0  cps  70 

36.  Time  History  of  a  Periodic  Segment  cf  the  Nonlinear  System  Tire  force 

Response  to  Harmonic  Excitofion  71 

37.  Study  of  Energy  Change  in  Nonlinear  System  due  to  Harmonic 

Excitation,  f  :  1  . 7  Cycles  Per  Second  72 

38.  Phase  Plane  Study  of  Strut  Force  Versus  Strut  Stroke  73 

39.  Phase-Plane  Study  of  Energy  Absorption  in  the  Strut,  Nominal 

f  =  .9  cps  74 

40.  Phase-Plane  Study  of  Energy  Absorption  in  the  Strut,  Nominal 

f  =  1.67  cps  75 

41.  Phase-Plane  Study  of  Energy  Absorption  in  the  Strut,  Nominal 

f  =  1.75  cps  76 

42.  Phase-Plane  Study  of  Energy  Absorption  in  the  Strut,  Nominal 

f  =  2.25  cps  77 

43.  Phase-Plane  Study  of  Energy  Absorption  in  the  Strut,  Nominal 

f  =  3.5  cps  78 

44.  Main  Gear  Force  Versus  Strut  Stroke  79 

45.  Main  Gear  Tire  Deflection  Versus  Tire  Force,  Tire  Pressure  =  60  psi  80 

46.  Main  Gear  Tire  Deflection  Versus  Tire  Force,  Tire  Pressure  =  90  psi  81 

47.  Main  Gear  Tire  Deflection  Versus  Tire  Force,  Tire  Pressure  =  120  psi  82 

48.  Strut  Air  Compression  Force  Versus  Stroke,  Nose  Gear  83 

ASD  TR  61-177 


XXI 


FIGURE 


TITLE 


PAGE 


49.  Nose  Gear  Tire  Deflection  Versus  Tire  Force,  Tire  Pressure  =  60  psi  84 

50.  Correction  Factors  for  Finite  Bandwidth  Filters  Operating  on  o  Lightly  - 

Damped  Function  Near  o  Peak  Frequency  85 

51  .  Variation  of  System  Damping,  c/ c  with  Linearized  Strut  Damping 

Coefficient,  D;  Single  Gear,  90  psi  86 

52.  Voriotion  of  Damping  Ratio  with  Speed  for  Any  Tire  Pressure  at  f  =  .95 

cps  Nominal  Peak  Frequency  and  for  Strut  Damper,  D  :  185  87 

53.  Voriotion  of  Damping  Ratio  with  Speed  for  Several  Tire  Pressures  at  on 
Average  Peak  Frequency  of  f  =  1.65  cps  and  for  a  Strut  Damper  = 

185  87 

54.  Variation  In  Peak  Amplitude  of  Tire  Force  with  Linear  Strut  Damping 

Constant  D  88 

55.  Nyquist  Diagram  for  Tire  Force  (Uncorrected  for  Filter  Bandwidth)  89 

56.  Time  Histories  of  Loads  and  Motions  for  Single  Gear  Taxiing 

Standard  Configuration,  Taxi  Speed  =  88  fps  90 

57.  Time  Histories  of  Loads  and  Motions  for  Single  Gear  Taxiing 

Standard  Configuration,  Taxi  Speed  =  88  fps  91 

58.  Time  Histories  of  Loads  and  Motions  for  Multiple  Gear  Taxiing 

Standard  Configuration,  Taxi  Speed  z  88  fps  92 

59.  Time  Histories  of  Loads  and  Motions  for  Multiple  Gear  Taxiing 

Standard  Configuration,  Taxi  Speed  z  88  fps  93 

60.  Power  Spectrum  of  Vertical  Tire  Force  for  the  Normal  Configuration, 

Single  Gear,  Taxi  Speeds  22  Ft/Sec  and  44  Ft/Sec  94 

61  .  Power  Spectrum  of  Vertical  Tire  Force  for  the  Normal  Configuration, 

Single  Gear,  Taxi  Speeds  66  Ft/Sec  and  88  Ft, /Sec  95 

62.  Power  Spectrum  of  Strut  Vertical  Force  for  the  Normal  Configuration, 

Single  Gear,  Taxi  Speed  z  66  Ft/Sec  96 

63.  Occurrences  for  A  F^2/  Incremental  Tire  Vertical  Force,  Front 

Main  Gear  97 

ASD  TR  61-177 

xxii 


% 


FIGURE 


TITLE 


PAGE 


64. 

Cumulotive  Probability  of  the  Nonlinear  System  for  Vertical  Force 
on  Rear  Main  Gear 

98 

65. 

Occurrences  for  ^^^2'  Incremental  Tire  Vertical  Force  Reor 

Moifi  Gear 

99 

66. 

Cumulative  Probability  of  the  Nonlineor  System  for  Vertical  Force 
on  Rear  Main  Geor 

100 

67. 

Occurrences  for  a  Zp  Airplone  Center  of  Grovity  Vertical 

Acceleration 

101 

68. 

Cumulative  Probability  of  tlie  Nonlineor  System  for  Vertical 

Accelerotion  at  the  Center  of  Gravity 

102 

69. 

Occurrences  for  aM^j  ,  Incrementol  Wing  Bending  Moments  at 

Nominal  Wing  Root  Station 

103 

70. 

Cumulative  Probability  for  the  Nonlinear  System  for  Wing  Bending 
Moment  at  Nominal  Wing  Root  Station 

104 

71. 

Occurrences  for  aM  Incrementol  Wing  Torsion  Moments  Inboard 

of  Outboard  Nacelle  ^  (  4-  Nose  Down) 

105 

72. 

Cumulative  Probability  of  the  Nonlinear  System  for  Wing  Torsion 

Moments  of  Outboard  Nacelle  (  +  Nose  Down) 

106 

73. 

Occurrences  for  A  F^ ,  Incremental  Tire  Vertical  Force  (Single  Gear) 

107 

74. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 

Spectral  Density  Methods  for  Landing  Gear  Tire  Force,  Single  Gear 
Analysis  for  Normal  Configuration 

108 

75. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 

Spectral  Density  Methods  for  Vertical  Acceleration  of  Airplane 

Center  of  Gravity,  Single  Gear  Analysis  for  Normal  Configuration 

109 

76. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic,  and  Power 

Spectral  Density  Methods  for  Wing  Root  BerxJing  Moment,  Single 

Gear  Analysis  for  Normal  Configuration 

no 

77. 

Comparison  of  Transfer  Functions  by  the  Linear  Harmonic  and  Power 
Spectral  Density  Methods  for  Wing  Torsion  Moment  Inboard  of  Outboard 
Nacelle,  Single  Gear  Analysis  for  Normal  Configuration 

111 

XXI II 


ASD  TR  61-177 


FIGURE 

TITLE 

PAGE 

78. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  ond  Power 

Spectral  Density  Methods  for  Londing  Gear  Tire  Force,  Single 

Gear  Analysis  for  Normal  Configuration 

112 

79. 

Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 

Power  Spectrol  Density  Methods  for  Landing  Gear  Tire  Force, 

Single  Gear  Analysis 

113 

o 

oo 

Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 

Power  Spectra  Density  Methods  for  Wing  Root  Bending  Moment, 

Single  Gear  Anolysis 

114 

81. 

Comparison  of  Transfer  Functions  fcr  the  Linear  Harmonic  System 
with  Nose  Gear  In  and  Out  of  Phase  with  Main  Gear  for  Wing 

Torsion  Moment  Inboard  of  Outboard  Nacelle,  Multi-Gear  Analysis 

115 

CNI 

OO 

Comparison  of  Transfer  Functions  for  the  Linear  Harmonic  System 
with  Nose  Gear  In  and  Out  of  Phase  with  Main  Gear  for  Rear  Main 
Gear  Tire  Force,  Multi-Gear  Analysis 

116 

83. 

Comparison  of  Transfer  Functions  for  the  Linear  Harmonic  System 
with  Nose  Gear  In  and  Out  of  Phase  with  Main  Gear  for  Wing 

Torsion  Moment  Inboard  of  Outboard  Nacelle,  Multi-Gear  Arxjiysis 

117 

oo 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  ard  Power 

Spectral  Density  Methods  for  Rear  Main  Landing  Gear  Tire  Forces, 
Multi-Gear  Analysis 

118 

85. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 

Spectral  Density  Methods  for  Vertical  Acceleration  at  the  Airplane 
Center  of  Gravity,  Multi-Gear  Analysis 

119 

86. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 

Spectral  Density  Methods  for  Wing  Root  Bending  Moment,  Multi- 
Gear  Analysis 

120 

87. 

Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 

Spectral  Density  Methods  for  Wing  Torsion  Moment  Inboard  of 

Outboard  Nacelle,  Multi-Gear  Analysis 

121 

oo 

oo 

Comparison  of  Nonlinear  and  Linearized  Transfer  Function  Peaks 
for  Main  Gear  Tire  Force,  Multi-Gear  Analysis 

122 

89. 

Comparison  of  Nonlinear  and  Linearized  Transfer  Function  Peaks 
for  Vertical  Acceleration  of  the  Center  of  Gravity 

123 

ASD  TR  61-177 


XXIV 


FIGURE 


TITLE 


PAGE 


90. 

91. 

92. 

93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


Comparison  of  Nonlinear  and  Lineorized  Transfer  FurKtion  Peaks  for 
Wing  Torsion  Moments  Inboard  of  Outooord  Nacelle 

Variation  of  Linearized  Spring  Constant  Versus  Tire  Pressure 

Ratio  of  Transfer  Function  Peak  far  Tire  Force  Over  Linearized 
Spring  Constant  Versus  Tire  Pressure  Variotions 

Comparison  of  Nonlirkeor  and  Linearized  Tire  Force  Transfer  Functians 
far  Variatians  with  Velocity,  Single  Gear  Arwlysis  far  Peaks  at  f  =  0.95 
cps  and  f  =  1 .65  cps 

Comparison  of  Nonlinear  and  Linearized  Wing  Raot  Bending  Moment 
Transfer  Functions  for  Voriotions  with  Velocity,  Single  Gear  Analysis 
far  Peaks  at  f  =  0.95  cps 

Comparison  of  Nonlir>ear  orxJ  Linearized  Center  of  Gravity  Vertical 
Acceleration  Transfer  Functions  far  Variations  with  Velocity,  Single 
Gear  Arxj lysis  tar  Peaks  at  f  =  0.95  cps  and  f  =  1.65  cps 

Comparison  of  Nonlinear  and  Linearized  Wing  Torsion  Moment  Tronsfer 
FurKtians  Near  Outboard  Nacelle  for  Variations  with  Velocity,  Single 
Gear  Arwlysis  for  Peaks  at  f  =  0.95  cps,  f  =  1.65  cps  and  f  =  3.4 
cps 

Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  and 
Nanlinear  Systems  far  Rear  Main  Lording  Gear  Tire  Farce,  F.«, 
f  =  0.93  cps 

Variation  of  Transfer  Function  Peok  with  Damping  of  the  Linear  and 
Nonlinear  Systems  for  Rear  Main  Londing  Gear  Tire  Force,  F  «, 
f  -  1.65  cps 

Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  and 
Nonlinear  Systems  for  Rear  Main  Landing  Gear  Tire  Force,  F  «, 
f  =  3.5  cps 

Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  and 
Nonlinear  Systems  for  Center  of  Gravity  Acceleration,  Zp 
f  z  0.95  cps 

Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  and 
Nonlinear  Systems  for  Center  of  Gravity  Acceleration,  Zp 
f  r  1.65  cps 


124 

125 

125 

126 

126 

127 


128 


129 


130 


131 


132 


133 


ASD  TR  61-177 


XXV 


FIGURE 


TITLE 


PAGE 


102.  Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  arxJ 
Nonlinear  Systems  for  Center  of  Gravity  Acceleration,  Z,, 

f  r  3.5  cps 

103.  Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  and 
Nonlir>ear  Systems  for  Wing  Root  Bending  Moment,  M  j»  ^  =  0.93 
cps 

104.  Variation  of  Transfer  Function  Peck  with  Damping  of  the  Linear  and 
Nonlir»ear  Systems  for  Wing  Root  Bending  Moment,  M  |,  f  =  3.5 
cps 

105.  Variations  of  Transfer  Function  Peak  with  Damping  of  the  Linear  arxJ 

Nonlinear  Systems  for  Wing  Torsion  Moment  Inboard  of  Outboard 

Nacelle,  M  ,,  f  r  0.95  cps 
y6 

106.  Variation  of  Transfer  Function  Peak  with  Damping  of  the  Linear  and 

Nonlir>ear  Systems  for  Wing  Torsion  Moment  Inboard  of  Outboard 

Nacelle,  M  .,  f  =  3.5  cps 
y6 

107.  Comparison  Between  Transfer  Functions  for  Single  and  Multi-Gear 
Arxjiyses  of  the  Nonlinear  System  Tire  Force 

108.  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  arxJ 
Power  Spectral  Density  Methods  for  the  Rear  Main  Gear  Tire  Force, 
Multi-Gear  Analysis 

109.  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 
Power  Spectral  Density  for  Vertical  Acceleration  of  the  Airplane 
Center  of  Gravity,  Multi-Gear  Analysis 

110.  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 
Power  Spectral  Density  Methods  for  Wing  Root  Bending  Moment, 
Multi-Gear  Analysis 

111.  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 
Power  Spectral  Density  Methods  for  Wing  Torsion  Moment  Inboard 
of  Outboard  Nacelle,  Multi-Gear  Analysis 

1 12.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 

Systems  for  Incremental  Tire  Vertical  Force  Rear  Main  Gear,  ^  ' 

Multi-Gear  Analysis,  Tire  Pressure  :  60  psi 

113.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  Incremental  Tire  Vertical  Force  Rear  Main  Gear,  ^F^^/ 
Multi-Gear  Analysis,  Tire  Pressure  =  90  psi 


134 


135 


136 


137 


138 

139 


140 


141 


142 


143 


144 


145 


ASD  TR  61-177 


XXVI 


FIGURE 


TITLE 


PAGE 


1 14.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  Incremental  Tire  Vertical  Force  Rear  Moin  Gear,  aF^^' 
Multi-Gear  Arwiysis,  Tire  Ptessure  :  120  psi 

115.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  Center  of  Gravity  Acceleration,  Z^,  Multi-Gear  Arwiysis, 
Tire  Pressure  z  60  psi 

1 16.  Comparison  of  Load  Occurrences  for  the  Nonlineor  and  Linearized 
Systems  for  Center  of  Gravity  Acceleration,  Multi-Gear  Analysis, 
Tire  Pressure  z  90  psi 

1 1/.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 

Systems  for  Center  of  Gravity  Acceleration,  Zp  Multi-Gear  Arwiysis, 
Tire  Pressure  =  120  psi 

118.  Comparison  of  Load  Occurrences  for  the  Nonlineai  and  Linearized 
Systems  for  Incremental  Wing  Root  Bending  Moment,  ^  M  |,  Multi- 
Gear  Analysis,  Tire  Pressure  z  60  psi 

1 19.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  M  y  Wing  Root  Bending  Moment,  Multi-Gear  Arwiysis, 
Tire  Pressure  z  90  psi 

120.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  M  | ,  Wing  Root  Berding  Moment,  Multi-Gear  Analysis, 
Tire  Pressure  =  120  psi 

121 .  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  M  Wing  Torsion  Inboard  of  Outboard  Nacelle,  Multi- 
Gear  Analyst^  Tire  Pressure  =  60  psi 

122.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  M  Wing  Torsion  Inboard  of  Outboard  Nacelle,  Multi- 
Gear  Analysi^  Tire  Pressure  =  90  psi 

123.  Comparison  of  Load  Occurrences  for  the  Nonlinear  and  Linearized 
Systems  for  M  Wing  Torsion  Inboard  of  Outboard  Nacelle,  Multi- 
Gear  Analysi^  Tire  Pressure  z  120  psi 

124.  Comparison  of  the  Equivalent  Linear  and  Nonlinear  Damping  Force 
Curves  for  the  Stardard  Configuration 

125.  Assumed  Lift  Variation  for  One-Holf  Airplane 


ASD  TR  61-177 


146 

147 

148 

149 

150 

151 

152 

153 

154 

155 

156 
170 


XXVII 


FIGURE 


TITLE 


PAGE 


Average  Main  Gear  Static  Load  Versus  Taxi  Speed,  V 

H 

Equivalent  Three  Mass  System  with  Modal  Damping 

Dyrwmic  Response  Analysis  Flow  Chart 

Arxjlog  Computer  Diagram  of  Airplane  Simulatar 

ArK)log  Computer  Diagram  for  Seven  Fourth-Order  Fade  Circuits 

Computer  Diagram  far  Regeneration  of  the  Runway  Slope  Profile 

Runway  Amplitude  and  Slope  Profiles  from  2870  to  3150  Ft 

Runway  Derivative  -  Low  Frequency  Content  Obtained  from  Follower 
and  Filter  Combination 

Integral  of  the  Runway  Derivative  Obtained  through  the  Complementary 
Filter  Network 

Analog  Flow  Diagrams  for  Power  Spectral  Density  Computations 

Frequency  Response  of  the  Five  Pole  Maximally  Flat  Filter 

Analog  Computer  Diagram  for  Each  Power  Spectral  Density  Point 

Analog  Computer  Diagram  for  Occurrence  Counting  and  Probability 
Computations 

Block  Diagram  of  Computer  Circuit  for  Obtaining  Cross  Spectra 


Universal  Resonance  Curves 


Universal  Phase  Angle  Curves  213 

Comparison  Between  Linear  and  Nonlinear  Tire  Force  Transfer  Functions 
with  Increased  Strut  Damping  225 

Transfer  Function  for  Vertical  Acceleration  of  Airplane  Center  of 

Gravity,  Single  Gear  Analysis  226 

Transfer  Function  for  Wing  Root  Bending  Moment,  Single  Gear  Analysis  227 

Transfer  Functian  for  Wing  Torsion  Moment  Inboard  of  Outboard  Nacelle, 

Single  Gear  Analysis  228 


ASD  TR  61-177 


FIGURE 


TITLE 


PAGE 


Transfer  Function  for  Lorxiing  Gear  Tire  Force,  Single  Gear  Arwlysis  229 

Transfer  Function  for  Vertical  Acceleration  of  Airplane  Center  of 

Gravity,  Single  Gear  Analysis  230 

Transfer  Function  of  Wing  Root  Bending  Moment,  Single  Gear  Anolysis  231 

Transfer  Function  for  Wing  Torsion  Moment  Inboard  of  Outboard  Nacelle, 

Single  Gear  Analysis  232 

Typical  Two-Degree-Of-Freedom  System  Resonance  Curves  (Undamped)  243 

Main  Mass  Resonant  Frequencies  as  a  Function  of  Mass  Ratio  for 
cj  245 

s  f 

Comparison  of  Transfer  Functions  from  the  Nonlinear  PSD  and  the 
Nonliryjar  Harmonic  Methods  for  Main  Gear  Tire  Force,  Single  Gear 
Analysis  for  Normal  Configuration  253 

Comparison  of  Transfer  Functions  from  the  Nonlinear  PSD  and  the 

Nonlinear  Harmonic  Methods  for  Wing  Root  Bending  Moment,  Single 

Gear  Analysis  for  Nornxil  Configuration  254 

Comparison  of  Transfer  Functions  from  the  Nonlinear  PSD  and  the 
Nonlinear  Harmonic  Methods  for  Wing  Torsion  Moment  Inboard  of 
Outboard  Nacelle,  Single  Gear  Analysis  for  Normal  Configuration  255 

Comparison  of  Transfer  Functions  by  Cross-Spectral  and  Power  Spectral 
Methods  for  Rear  Main  Tire  Force,  F^^'  Multi-Gear  Analysis  for  Normal 
Configuration,  Taxi  Speed  =  44  fps  256 

Comparison  of  Transfer  Functions  by  Cross-Spectral  and  Power  Spectral 
Methods  for  Rear  Main  Tire  Force,  F^^'  Multi-Gear  Analysis  for  Normal 
Configuration,  Taxi  Speed  :  88  fps  257 

Comparison  of  Transfer  Function  by  Cross-Spectral  and  Power  Spectral 
Methods  for  Acceleration  of  Center  of  Gravity,  Zp  Multi-Gear  Analysis 
for  Normal  Configuration,  Taxi  Speed  z  44  fps  258 

Comparison  of  Transfer  Function  by  Cross-Spectral  and  Power  Spectral 
Methods  for  Acceleration  of  Center  of  Gravity,  Zp  Multi-Gear  Analysis 
for  Normal  Configuration,  Taxi  Speed  r  88  fps  259 

Comparison  of  Transfer  Function  by  Cross-Spectral  and  Power  Spectral 
Methods  for  Wing  Root  Bending,  M  p  Multi-Gear  Analysis  for  Normal 
Configuration,  Taxi  Speed  z  22  fps  260 


TR  61-177 


XXIX 


FIGURE  TITLE  PAGE 


160.  Sample  Cross-Spectrol  Density  (Correlated  with  Ground  Profile 
Derivative)  for  Rear  Main  Gear  Tire  Force,  Multi-Gear  Arwlysis 

for  the  Normal  Configuration  261 

161 .  Comparison  of  the  True  Force  -  Deflection  Curve  of  the  Tire  and 

a  Linear  Approximation  to  the  Tire  Spring  279 

162.  Plot  of  the  Integration  of  the  Incomplete  Elliptic  Integral  of  the 

Second  Kind,  K(Y‘),  with  Respect  to  the  Argument  294 

163.  Comparison  of  the  Actual  Dimensionless  Spring  Force  Curve  and 

the  Approxinrote  Spring  Force  Curves  for  Various  Initial  Conditions  295 


164.  Comparison  of  the  True  Maximum  Dimensionless  Lower  Mass 

Displacement,  u  ,  arxl  the  Approximation  of  u  for  the  Full  Range 

of  the  Initial  Velocity  Parameter,  u  '  ^  298 

o 

165.  Plot  of  the  Ratio  of  Energy  which  the  Linear  Spring  is  Capable  of 

Absorbing  to  the  Total  Energy  which  Both  the  Linear  and  Cubic 

Springs  can  Absorb,  as  a  Function  of  the  Initial  Velocity  Parameter, 

u  •  299 

o 

166.  Comparison  of  Solutions  for  Lower  -  Mass  Displacement  and  Upper  - 
Mass  Acceleration  Obtained  by  the  Runge-Kutta  Procedure  and  from 


the  Arwiytical  Equation  301 

167.  Comparison  of  Solutions  for  Upper  -  Mass  Displacement  Obtained  by 

the  Runge-Kutta  Procedure  and  from  the  Analytical  Equation  302 

168.  Comparison  Between  Theoretical  Results  and  Experimental  Data  on 

the  Upper  -  Mass  Acceleration  for  a  Typical  Impact  304 

169.  Comparison  Between  Theoretical  Results  and  Experimental  Data  on 

the  Ground  Vertical  Force  for  a  Typical  Impact  305 

170.  Comparison  of  Power  Spectra  from  Flight  Test  Data  with  Results  from 

Analog  for  Rear  Main  Gear  Tire  Force  310 


171 .  Comparison  of  Load  Occurrences  from  Analytical  and  Flight  Test  Data 
for  Incremental  Tire  Force,  Rear  Main  Gear,  T'*’® 

Pressure  =  60  psi  311 


172. 

Taxi  Loads  per  1000  Flights 

312 

173. 

Effect  of  Taxi  Speed  on  Acceleration 

313 

ASD  TR  61-177 


XXX 


FIGURE 


TITLE 


PAGE 


174.  Comparison  of  Output  Power  Spectra  from  Analog  and  Digital  Methods 

Applied  to  a  Common  Time  History  of  Tire  Force,  Single  Gear  315 

175.  Comparison  of  Runway  Power  Spectra  from  Analog  Computer  with  NASA 

Spectral  Calculations  for  LaGuardia  Runway  316 

176.  Estimates  of  Reliability  for  Power  Spectral  Amplitudes  318 


LIST  OF  TABLES 


TITLE 

PAGE 

1 . 

Airplane  Moss  and  Inertia  Data  Versus  Wing  Stationsat  Maximum 
Take-Off  Weight 

172 

2. 

Free  Free  Mode  Shapes 

173 

3. 

Main  and  Nose  Landing  Gear  Orifice  Diameter  Versus  Orifice 
Coefficient 

174 

4. 

Gear  Force  and  Center  of  Gravity  Deflection  in  Modes 

175 

5. 

Amplitude  and  Phase  Angle  of  Analytical  Transfer  Function  for 

Tire  Force 

184 

6. 

Transfer  Functions  for  Tire  Force 

250 

7. 

Transfer  Functions  for  Wing  Root  Bending  Moment 

251 

8. 

Transfer  Functions  for  Wing  Torsion  Moment  at  Outboard  Nacelle 

252 

9. 

Constants  of  the  Physical  System  Used  in  Appendix  J 

300 

ASD  TR  61-177 


XXXI 


SECTION  I 


INTRODUCTION 


It  is  commonly  recognized  that  structural  design  philosophy  for  aero-space  vehicles 
should  include  considerotiorts  of  fatigue  life  os  v/ell  os  concepts  of  critical  or  nxiximum 
loadIr>g.  This  is  particularly  true  for  taxiing,  since  present  aircroft  design  criteria  are 
usually  somewhat  orbitrary  regarding  taxi  loads.  The  purpose  of  this  research  is  to 
develop  methods  for  repeated  dynamic  loads  analysis  so  that  improvements  con  be 
realized  In  grourxl  operations  of  odvanced  flight  vehicles. 

The  maximum  loads  resulting  directly  from  the  traverse  of  an  airplane  over  a 
specific  runway  cannot  In  themselves  be  applied  as  design  loads  for  all  aircroft. 

Such  an  assumption  would  imply  that  both  the  runway  and  the  airplarv:  were  "typical,  " 
which  Is  highly  unlikely.  Specific  aircraft  response  characteristics  combined  with  a 
particular  kind  of  forcing  function  can  only  be  used,  therefore,  to  establish  trerxJs 
with  parametric  variations  for  a  given  analysis  technique. 

Considering  the  variety  of  runways  arxJ  the  rardomness  of  runway  profile  vari¬ 
ations,  a  statistical  evaluation  of  aircraft  response  parameters  Is  assumed  to  offer 
the  most  useful  approach.  Therefore,  a  very  extensive  and  detailed  statistical  study 
is  performed  on  the  loads  and  motions  resulting  from  accurately  simulated  airplane 
response  while  taxiing  over  a  runway  having  high  density  traffic  and  above  average 
roughness.  Power  spectral  densities,  cross- spectra,  and  corresponding  transfer  functions 
are  computed  for  several  load  points  on  an  example  vehicle.  Although  load  occurrences 
can  be  calculated  for  normal  distributions  from  the  power  spectral  functions,  the  non- 
Gausslan  nature  of  the  data  expected  from  a  nonlinear  system  predicates  the  use  of 
direct  counting  or  Integrating  techniques  for  peak-count  and  probability  studies.  The 
tedious  data  processing  that  results  Is  considered  justified  by  the  marked  skewness  of 
some  of  the  data  which  are  presented. 

A  detailed  dynamic  loads  analysis  is  performed  by  either  analog  or  digital  com¬ 
putational  schemes.  In  each  case  the  computer  simulates  the  transient  response  of  the 
flexible  airplane  traversing  the  random  runway  profile  at  several  speeds.  Provision  is 
made  for  many  degrees  of  freedom  in  a  generalized  LaGrangian  coordinate  represent¬ 
ation  of  the  system.  Various  landing  gear  arrangements  are  considered.  All  possible 
parameters  in  the  differential  equations  of  motion  are  considered  In  the  initial  stages 
of  the  analysis,  but  where  directly  related  effects  are  found  to  be  negligible,  further 
consideration  is  omitted.  In  the  course  of  the  investigation,  at  least  three  nonlinear 
properties  of  landing  gears  are  found  to  be  relevant  to  the  dynamic  analysis. 
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Both  analog  arvJ  digital  computer  solutions  were  obtained,  but  the  orwiog  techniques 
proved  to  be  most  successful  for  handling  the  non-linearities  and  the  large  amounts  of 
rarxJom  data  required  for  power  spectral  analysis.  A  few  comparisons  have  been  made, 
however,  'ndicatlng  good  agreement  between  ar>alog  arxJ  digital  methods.  The  artalog 
computer  results  are  essentially  complete,  and  these  data  are  used  In  evaluating  the 
artalytical  methods  presented. 

A  closed-form  elliptic  function  solution  of  the  nonlineor  system  has  been  derived 
in  an  attempt  to  reduce  or  elimirxite  the  need  for  machine  computations.  The  mathe¬ 
matical  forms  are  valid  for  bourxJary  value  problems  only,  however,  and  further  re¬ 
search  is  recommeixled  to  determine  more  complete,  forced  solutions. 

A  prime  objective  of  this  program  is  to  determine  simplified  approaches,  where 
possible.  Linearization  of  the  nonlinear  parameters  of  the  system  provides  the  most 
inclusive  simplification  that  could  be  anticipated  from  an  analytical  point  of  view, 
but  oleo- pneumatic  shock  struts  are  usually  considered  to  be  highly  nonlinear  devices 
not  conducive  to  accurate  linearization.  This  concept  probobly  arises  from  numerous 
unsuccessful  attempts  in  the  past  to  achieve  adequate  results  through  linearization  of 
landing  gear  systems  for  landing  impacts.  Landing  loads  design  requirements  Include 
rather  large  Initial  conditions  of  velocity,  which  in  turn  generate  rather  high  rates  of 
strut  closure.  At  these  high  telescoping  velocities,  the  orifice  resistance  or  damping 
force  Is  highly  nonlinear,  and  simplified  arwiyses  are  inadequate. 

There  has  been  some  evidence  that  the  dynamic  response  of  advanced  flight 
vehicles  during  taxiing  may  be  susceptible  to  linearization.  Anticipated  strut 
velocities  are  considerably  lower  for  normal  terrain  operational  conditions  and  shock 
struts  are  designed  for  maximum  efficiency  durifig  landings,  with  the  result  that 
orifices  are  usually  too  large  for  effective  damping  during  ground  operations.  This 
should  be  particularly  true  from  a  statistical,  or  fatigue  loads  viewpoint,  according 
tc  known  data  on  the  random  characteristics  of  runway  roughness. 

Under  these  assumptions,  as  part  of  this  research  program  on  ground  handling 
loads,  an  investigation  has  been  made  to  determine  the  optimum  linearization  procedures, 
and  the  adequacy  of  loads  produced  from  such  analyses.  Standard  techniques  of  non¬ 
linear  mechanics  have  been  applied  for  this  purpose  where  practical.  However,  general¬ 
ization  is  often  difficult  because  the  mathematics  of  nonlinear  systems  is  still  in  an 
immature  state  of  development,  except  for  a  limited  few  classic  cases.  Therefore  some 
unusual  statistical  and  arwlytlcal  techniques  have  occaslorwlly  been  employed  in 
developing  simplified  approaches. 

An  affine  transformation  of  the  linearized  system  Is  found  to  simplify  the  problem  so 
that  a  closed  form  solution  can  be  obtained.  The  linearized  solutions  are  compared  with 
the  more  exact  nonlinear  arwiog  computer  data,  and  good  agreement  is  indicated  in 
general . 
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Comparison  of  test  and  iheorotlcol  data  is  made  where  such  data  are  available. 
Fully  ar>alyzed  and  substantiated  taxi  test  data  for  the  example  vehicle,  obtained 
from  a  dyrximlc  response  flight  test  program,  ore  only  meagerly  available  at  this 
time.  Prafilameter  data  for  one  runway  is  available  arxi  a  portion  of  the  grour>d  loads 
data  fram  the  corresponding  tests  has  been  included  for  comparison. 
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View  of  the  Example  Airplane  Showing  the  Landing  Gear 
Arrangement  Studied 


FIGURE 


SECTION  II 


THEORETICAL  DISCUSSION 


Solufions  are  obtained  for  the  response  of  on  aero-space  vehicle  while  taxiing  over 
o  preselected  rondom  runway  profile.  The  differentiol  equations  include  the  rigid  body 
modes  of  pitch  and  translotion,  coupled  with  four  flexible  wing  modes  and  up  to  five 
landing  gears  for  ground  loads  application.  Four  nonlinear  properties  of  the  landing 
gear  struts  have  been  incorporated,  and  the  effects  of  change  in  wing  lift,  non-steady 
aerodynamic  damping  artd  structural  damping  have  been  considered. 

General  information  on  modal  terminology  and  the  nature  of  the  corresponding 
dynamic  response  may  be  found  in  Reference  17.  Matrix  iteration  procedures  are  used 
in  the  de  term!  rot  ion  of  the  natural  modes  of  vibration  of  the  vehicle  as  presented  in 
Apperdix  B. 


I .  Equations  of  Motion  for  Taxiing 

The  response  of  the  airplone  may  be  written  in  terms  of  the  generalized  LaGrangian 
coordinates  for  the  normal  modes  of  the  system  as  follows: 

(Refer  to  the  List  of  Symbols  artd  to  Figures  2,  3,  and  4  for  quantities  not  defined  here) . 
The  translational  response  of  the  rigid  body  mode  rrray  be  written  in  the  form: 


M  0 

o  o 


F  .  +  (1  -  K.)  W  -  c  d 
SI  L  o  0  0 

i  =  I 


i  =  (1,  2,..., 5) 


where: 

A  is  the  wing  area 

C,  is  the  lift  curve  slope,  per  radian 
L  cx 

K,  c  LAV  and  M  c  (W  /g) ,  the  rigid  body  mass 
L  o  o  o  ^  ! 

2 

*L  -  1/2  C,  /OAV,  ,cx  ,  lbs.  o  is  the  mean  angle  of  attack,  radians 
Lex'  Ho  o 


(1) 


*Note: 


Down-wash  effects  and  tail  aerodynamics  are  neglected, 
such  as  M  andcj  can  be  found  in  Appendices  A  and  B. 
derivation  of  the  modal  equations  used  here  may  be  found 


Modal  parameters 
A  more  detailed 
in  Reference  6. 
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The  motion  of  the  coupled-bending-ond-torslon  wing  modes  is  defined  by: 


V 

+  ^  (f,;  +  «  ;)  5, , 

I  =  1 


Where:  n  z  (0, 1 , 2, . . .  m)  and  m  is  the  total  number  of  flexible  modes. 

is  the  effective  modal  wing  area  -  (See  Apperxiix  A  for  the 
equation  as  simplified  for  the  very  low  speed  aerodyramics  involved 
in  taxiing). 

c  z  Tc 

n  c 

c  :  2M  to 

c  n  n 

Y*  ;  Percent  critical  damping 

a  (t)  r  Generalized  LaGrangian  coordinate  displacement  in  the 

n  mode,  ft  ,  n  :  (0,  1 , 2,  .  .  .  m) . 

f  h 

Strut  Vertical  Force,  i'  gear,  lbs. 

th  t  h 

Normalized  n^^  modal  deflection  at  the  point  of  the  i 

gear  force  application 
Effective  modal  moss 

f  h 

Modal  frequency  of  the  n'”  flexible  mode 


F  .  = 

SI 


5„i  = 


M  z 
n 


■- 
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W^.  I  Weight  of  unsprung  nxjss  of  the  i  ”  gear 

(t)(t)  ;  Wagner  function;  indiciol  delay  In  lift  build-up  on  on  airfoil 


Pitch  Equation; 


§  =  >  F  .L  .  +  (K.)  W  € 

'  ^  SI  XI  L  o  ( 


where  ©  Is  the  ongulor  displocement  in  pitch  about  the  airplane  C . G . ,  from 
the  horizontal  and  6  is  the  longitudinal  distance  from  the  center  of  pressure 

fOfheC.G. 

Strut  Vertical  Force: 


For  t  ^  t 


p.l.  (preload) 


F  .  c  F  .  t  F..  F,. 

SI  ai  SI  ti  s. 

I 

where:  F  is  the  strut  polytropic  air  compression  force 


F^  is  the  strut  damping  force 

F^  is  the  strut  friction  force  magnitude 


In  more  detail; 


F  •  =  71—^ — K.  i.|+  F,.J 

SI  (b.  -  s.)*'  I  Dll  1 1  f  I  s. 


Note:  The  preload  feature  of  struts  is  assumed  to  apply  only  with  nose  gear 

forces  for  taxiing.  See  Reference  6  and  Appendix  B  for  other  details. 

Vertical  Tire  Force: 


F  .  I  a,.  S. 

ti  1 1  I 


'i  >  0  is  the  tire  deflection 


where: 


I  Z  .  -  q. 

I  Ul  I 
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and  Z  .  z  axle  deflection 
ui 

q.  z  the  ground  profile  deflection 
Definition  of  C.G.  Acceleration: 


m 


m 


(9) 


n  =  0 


nz  0 


th 

Equotion  for  Acceleration  of  Laiyiing  Gear  Attochment  Point  on  the  Airplane: 


m 


Z.  =  -  L  .0  f 

I  XI 


X  n  ni 


n  z  0 

where  L  .  ii  positive  for  gear  forward  of  the  C.G. 
Equotion  for  Axle  Vertical  Accelerotlon: 


(10) 


After  preload:  t  ^  t^  I 

M  .Z  .  z  F  .  -  F  .  +  W  . 

UI  UI  SI  tl  UI 

Before  preload:  t  <  t^  I 


Z  . 

UI 


z. 

I 


th 

The  equation  for  the  strut  displacement  of  the  i'^  gear  is  as  foil 


ows: 


s.  Z  Z.  -  Z  . 

I  I  UI 


(II) 


(12) 


(13) 


A  more  detailed  development  of  some  specific  terms  In  the  equations  nxiy  be  found 
in  Appendix  A.  Appendix  B  gives  the  nxignitudes  of  most  of  the  physical  quantities 
used  in  the  equations  as  they  pertain  to  the  example  aircraft  which  is  used  for  the 
Investigation  of  strut  characteristics. 

In  addition  to  the  above  terms,  the  digital  program  contains  terms  considering 
wing  sweep  angles,  non-vertical  struts,  unsymmetry  in  roll,  and  asymmetric  wing  modes. 
The  example  airplane  has  very  little  wing  sweep  angle,  and  the  struts  are  essentially 
vertical,  so  these  terms  are  negligible.  There  is  no  statistically  significant  runway  data 
Indicating  a  marked  degree  of  unsymmetry  from  the  left  to  right  sides,  so  terms  resulting 
from  unsymmetrical  gear  excitation  are  omitted. 
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The  variation  in  wing  lift  ratio,  is  considered,  since  on  increase  in  lift  will 
tend  to  extend  the  struts,  thus  allowing  the  air  compression  "springs"  to  flex  ot  a  lower, 
less  stiff  portion  of  the  rxjnlirjear  force-deflection  curve.  The  nonsteady  aerodyrsamic 
force  term  in  Equation  3,  involving  the  V/agner  irdiclal  delay  In  lift  build-up,  was 
studied  early  In  the  program.  Removal  of  the  indiclal  delay  had  r>o  observed  effect 
on  the  time  history  response  at  the  relatively  slow  taxi  speeds  Involved.  It  was  a'so 
determir>ed  that  the  cross  coupling  damping  terms  were  so  out  of  phase  that  they  had 
very  little  contribution.  This  coficluslon  is  consistent  with  solutions  mode  in  Refer¬ 
ence  18.  Furthermore,  the  aerodynamic  domping  term  is  very  small  In  nxjgnitude  for 
the  taxi  speeds  considered  In  these  analyses,  ard  is  about  os  effective  as  the  structural 

damping  term  c  a  . 

n  n 


Time  histories  of  the  wing  response  to  pulse  type  loadings,  as  shown  by  gust 
analysis,  Irdicate  that  approximately  15  percent  of  critical  damping  results  from 
rsonsteody  aerodyramlcs  at  560  fps.  forward  »peed.  Since  the  rsonsteady  term  In 
Equation  3  is  proportiorwl  to  the  velocity,  average  taxi  speeds  will  result  in  less 
than  10  percent  as  much  aerodyramlc  damping  as  that  fourd  in  flight.  Thus,  approx¬ 
imately  1.5  percent  of  critical  damping  is  to  be  expected  on  the  overage  In  this 
arwlysis.  Furthermore,  an  accurate  spanwise  airload  distribution  cannot  be  determirted 
because  of  dependence  on  flap  setting,  ground  effects,  power  setting,  trim  ard  pitch¬ 
ing  angle,  ard  cross-wind  effects.  Therefore,  o  reasonable  degree  of  accuracy  would 
appear  to  justify  the  combirctlon  of  both  the  nonsteady  aerodynamic  and  structural 

damping  terms  In  the  single  damping  term,  c  a  . 

n  n 

Structural  hysteresis  damping  of  about  3  percent  has  been  measured  on  the  example 
aircraft,  ard  according  to  Reference  17,  this  Indicates  that  1 .5  percent  equivalent 
viscous  damping  is  reasorwble  for  the  structure.  Thus,  the  combined  aerodyramlc  ard 
structural  effects  are  assumed  to  contribute  about  3  percent  of  critical  viscous  damping 
to  the  solutions. 


The  strut  friction  force  term  in  Equation  5  is  omitted  from  this  aralysis,  since  drop 
test  ard  taxi  test  results  irdicate  that  bearing  friction  forces  are  negligible  for  the 
example  airplara  for  either  larding  or  taxiing.  Use  of  a  strut  tilted  from  the  vertical, 
or  the  consideration  of  braking  forces,  would  undoubtedly  introduce  strut  birding  loads 
as  described  in  Reference  19.  Reference  18  also  neglected  strut  friction  effects  after 
irdicating  that  this  phorameran  would  greatly  complicate  an  arwiytical  representation 
of  the  transfer  function.  The  linearized  transfer  function  to  be  derived  in  later  sections 
of  this  report  must  consider  discontinuous  friction  forces  to  be  negligible.*  In  any  case, 
this  assumption  Is  valid  for  the  example  airplane,  and  future  research  on  another  airplane 
would  be  required  for  a  detailed  artalysis  of  friction  effects. 


*Note:  However,  a  simplified  friction  force  is  derived.  In  Appendix  J,  so  as  to  present 
essentially  no  further  complication  to  the  solution. 
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As  described  earlier,  up  to  five  landing  gears  with  any  possible  mounting  arrange¬ 
ment  can  be  selected  in  the  taxi  analysis.  However,  an  early  analysis  was  made  using 
a  single  landing  geor  mounted  at  the  mid-point  between  the  rrxjin  landing  gears  of  the 
example  airplane.  Several  purposes  are  served  by  this  approach: 

1 .  A  single-gear  analysis  can  provide  infornrxjtion  on  bosic  variations  with 
taxiing  speed  as  predicted  in  Reference  20,  without  unrwcessary  com¬ 
plications. 

2.  The  most  significant  load  stations  can  be  selected  for  the  more  detailed 
multi-gear  arwiysis. 

3.  The  significance  of  minor  parameters  such  as  oerodynamic  damping  can 
be  determined. 

4.  Certain  phenomena  which  are  expected  to  appear  in  all  multi-gear 
anolyses,  but  which  are  not  dependent  on  nonlinearity,  can  be  evaluated 
by  comparison  of  single  and  multi-wheel  transfer  functions.  Runway 
wavelengths  in  resonance  with  specific  wheel  spacings  Illustrate  such  a 
situation,  as  shown  in  Reference  20. 

Firwily,  if  symmetry  about  the  airplane  centerline  is  assumed,  the  tandem  landing 
gear  arrangement  of  the  example  airplane  can  be  represented  as  shown  in  Figures  I  and 
2  by  three  gears  in  sequence.  The  nose  gear  proceeds  the  main  gears  by  approximately 
30  feet,  and  the  main  landing  gears  are  independently  suspended,  with  a  spacing  of 
approximately  5  feet  between  fore-and-aft  struts. 

2.  Nonlinear  Theory 

The  principal  mathematical  techniques  employed  in  the  study  of  a  simplified  non¬ 
linear  system  will  be  summarized  to  aid  in  interpretation  of  the  more  detailed  anolysis. 
As  stated  earlier,  the  complete  nonlinear  system  is  generally  solved  by  numerical  or 
analog  methods  because  of  its  complexity. 

The  nonlinear  system  under  study  indicates  moderately  low  damping  characteristics 
as  exhibited  by  the  rather  sharp  peaks  in  the  transfer  functions  illustrated  later  in  this 
report.  For  low  system  damping,  the  width  of  the  resonance  peaks  at  the  half  power 
amplitude  is  a  direct  measure  of  the  percent  of  critical  damping  available.  Since  the 
strut  damping  force  is  one  of  the  principal  nonlinearities  af  the  system,  and  otherwise 
is  of  small  magnitude,  it  is  apparent  that  small  perturbation  theory  may  be  applicoble 
in  the  study  of  the  nonlinear  solutions.  This  is  particularly  true  if  the  nonlinear  stiff¬ 
nesses  of  the  system,  the  tire  and  polytropic  air  compression  forces  in  the  strut,  do  not 
differ  markedly  from  a  linear  spring  farce  over  the  range  of  oscillations  studied.  The 
perturbations  may  be  considered  as  small  amplitude  oscillations  superposed  on  a  solu¬ 
tion  af  the  system  differential  equations  with  only  the  linear  terms  appearing. 
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These  quosi-periodic  solutions  may  be  derived  for  simple  systems  excited  by  a 
hormonicolly  varying  force  of  magnitude,  ard  frequency,  co  ,  by  methods  described 

in  References  3  ond  4.  For  example,  assume  a  differentiol  equation  os  follows: 


(14) 


4  XZ^  |Z^|  +  cxZ^  + /5Z^  =  ^F^Coswt  (1) 

where: 


X- 


M, 


o(  z 


M, 


'NL 


M, 


F  is  the  driving  force  magnitude  divided  by  the  nonlinear  spring  coefficient; 
the  units  for  F^  depend  upon  the  ronlineority  of  the  term  involving 

2  2 

is  a  noni inear  damping  coefficient,  lb-sec  /in. 

Mj  is  the  main  mass  of  the  simplified  nonlinear  system;  or  the  equivalent 
transformed  system.  Refer  to  Figure  4  with  :  0. 

is  the  linearized  strut  spring  coefficient,  lo/in. 

^NL  coefficient  of  the  nonlinear  component  of  strut  stiffness. 

is  the  amplitude  of  harmonically  oscillating  ground  profile. 


If  the  coefficients  of  the  nonlinear  terms  and  the  forcing  term  are  small,  and  of 
order  then  the  solutions  are  approximately  harmonic  in  nature.  The  nonlinearities 
of  the  solutions  can  be  accounted  for  by  ultra-  or  sub-harmonic  oscillatory  terms  in  the 
response.  For  purposes  of  determining  the  relative  magnitude  of  the  nonlinear  terms,  it 
is  convenient  to  study  simplified  cases. 

If  X  is  assumed  to  be  zero  and  "hard"  spring*  characteristics  are  used,  with  n  z  3, 
a  quasi-periodic  solution  can  be  determined  to  a  second  order  approximation  by  methods 
of  Reference  3  in  the  form. 


*Note:  By  definition,  a  "hard"  spring  possesses  characteristics  of  increasing  stiffness 
as  deflection  increases  (  ^>0),  as  in  Figure  6. 
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Z,  :  H  Coscjt  +  H,  Cos3  cot 
f  o  I 


neglecting  the  higher  order,  odd  hornrionic  terms.  The  even  harmonics  are  ry)t  present 
because  they  would  disappear  urxJer  the  assumption  of  periodicity  in  higher  order 
approximations.  H  is  assumed  to  be  the  amplitude  of  the  splution  for  the  lincorized 
differential  equation,  and  Hj  is  the  nonlineor  term  amplitude  given  by  the  expression 


32  «  + 


3  fi  H„ 


The  ratio  H^/H  is  a  measurement  of  the  relative  amplitude  of  nonlinear  response 
in  the  system.  Simiftrly,  amplitude  ratios  can  be  derived  for  other  integer  exponents, 
n,  and  additiorwl  examples  are  evaluated  in  Appendix  E.  A  typical  frequency  response 
curve  for  a  hard  spring  system  as  derived  is  shown  in  Figure  5. 

3.  Linearized  Differential  Equations: 

The  linear  differential  equations  will  be  identical  to  the  ronlinear  differential 
Equations  1  through  13,  with  the  exception  of  portions  of  Equations  5,  6,  and  7. 
Nonlinear  terms  have  been  replaced  by  equivalent  linear  terms  as  follows: 

The  strut  polytropic  air  compression  force,  F  ,  is  approximated  by 

a  ' 


F  •  =  IL - rr  +  K.  »  K  .s.  f  K,  . 

01  (b.  -  s.)^*  I  ai  I  bi 

I  I 

and  the  strut  damping  force,  F.,  is  given  as 


F  I  C  .i.li.bD.s'. 
Si  Di  I  I  iI  II 


where: 


K  .  and  Kj^.  are  the  slope  and  intercept  of  the  linearized  spring  force, 

th 

D.  is  the  linearized  damping  coefficient  for  the  i  strut,  Ib-sec/ft. 


s.  is  the  strut  deflection  for  the  gear,  ft. 
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Therefore,  Equation  6,  os  linearized,  will  new  define  fhe  strut  force. 


as 


F  .  :  K  .s.  f  K.  .  +  D.s. 

SI  ai  I  bi  II 

Similarly,  the  exponential  tire  force,  F  . 

ti 

the  expression 


°2\ 

li  °i  ,  rrxjy  be  replaced  by 


(19) 


F  .  :  K  .  5. 

ti  fi  I 


(20) 


with  <5  :  (Z  -  q),  where  Z  and  q  are  defined  in  the  list  of  Symbols, 

K^.  is  the  linearized  tire  spring  constant,  and  5is  the  tire  deflection. 

The  means  for  determining  these  coefficients  for  the  linear  terms  will  be  discussed 
in  the  section  on  Transfer  Function  Development. 


The  Equations  I  through  13  as  modified  by  the  preceding  paragraphs,  were  applied 
directly  in  the  analog  computer  solutions  for  tlie  linearized  transfer  functions.  The 
analog  circuitry,  shown  in  Appendix  D  for  nonlinear  cases,  is  simplified  accordingly, 
and  a  significant  reduction  in  required  computer  components  is  achieved  for  the  dynamic 
system. 


4.  Affine  Transformation  of  the  Equations 

Although  the  computer  solutions  for  the  linear  system  contained  three  coupled 
bending-and-torsion  modes,  the  results  indicate  that  a  rather  small  percent  of  the 
total  response  is  derived  from  the  second  and  third  modes.  By  inspection,  the  thiid 
coupled  mode  is  predominantly  a  second  pure-bending  mode,  and  the  second  coupled 
mode  is  primarily  a  first  pure-torsion  mode.  Experience  indicates  that,  for  landing 
gears  mounted  near  the  wing  root,  most  of  the  gear  response  due  to  flexibility  results 
from  coupling  with  the  first  flexible  mode.  If  the  landing  gears  are  mounted  on  the 
wing,  criteria  in  the  form  of  mass  ratios,  to  be  discussed  later,  can  be  developed  to 
judge  the  relative  importance  of  each  mode  to  the  landing  gear  forces,  as  shown  in 
Reference  6. 

Since  the  first  coupled  mode  predominates  for  the  example  airplane,  the  transfr'i 
functions  for  strut  force  riKiy  be  derived  to  a  high  degree  of  accuracy  from  considera¬ 
tion  of  the  first  flexible  and  rigid  body  modes  only.  If  desired,  the  response  of  the 
higher  modes  may  be  derived  using  these  previously  computed  strut  force  amplitudes 
as  direct  excitation,  without  coupling  or  feedback  to  the  strut  from  the  higher  mode 
motions.  Again,  this  will  yield  excellent  approximations  to  the  net  dynamic  motions, 
as  would  be  expected  from  the  principle  of  superposition. 
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The  above  conclusions  suggest  an  alternative  system  representation  which  is  useful 
for  discussion  purposes  and  for  compactness  of  presentation.  If  the  two  lowest  order  modes 
only  ore  considered,  an  affine  (linear  equivalent)  transformation  of  the  modal  equations 
can  be  made,  similor  to  that  presented  in  Reference  6.  The  resultant  equations  ore  more 
tractoble  for  analytical  solution  wl thout  the  use  of  computers. 

The  equivalent  system  thus  derived  consists  of  three  masses,  one  of  which  is  the 
unsprung  moss  of  the  landing  gear,  M  ,  as  shown  in  Figure  4.  The  mass,  Mp  corres¬ 
ponds  to  the  larxJing  gear  attachment 'location  on  the  airplane  In  the  original  equations, 
since  Z.  ~  Z,  for  main  gears  attached  at  the  fuselage.  Also,  Z^  is  often  referred  to  os 
"nominal  cenler-of-grayity  acceleration"  since  corresponding  flight  test  data  is  frequently 
obtained  by  mounting  accelerometers  In  the  fuselage.  The  true  C.G.  acceleration  remains 
fixed  relative  to  the  mode  nodal  points  or  rigid  body  mode. 


The  elastically  connected  moss  Is  referred  to  as  M  ,  with  a  spring  constant  K  ,  and  a 

damper  between  and  as  Illustrated.  The  steady  state  lift  force,  L,  of  the  modal 

system,  as  In  Figure  2,  must  be  considered  as  applied  to  both  the  masses,  and  M  ,  by 

forces  L,  and  L  . 
f  s 

The  transformation  leaves  the  landing  gear  weight  and  physical  characteristics  un¬ 
changed,  so-landing  gear  forces  will  be  Identical  in  both  systems. 


Affine  transformations  will  be  assumed  as  follows: 


Zj(0  ;  0^(1)  +  5|0|(') 

(21) 

ZJl)  z  ajt)  .  60,(1) 

(22) 

The  selection  of  as  the  normalized  deflection  of  the  landing  gear  station  in  the 
first  mode  insures  that  Z^will  represent  the  timewise  variation  of  .upper  strut  motion. 

The  coefficient,  B,  must  be  determined  by  comparison  of  the  coefficients  in  the  differ¬ 
ential  equations  for  both  systems  to  determine  the  physical  constraints  required  for 
equivalence . 


Assuming  that  the  strut  Is  deflected  past  preload  conditions  for  taxiing,  the  equa¬ 
tions  of  motion  for  the  modal  responses.  Equations  1  and  2,  are  restated  as  follows: 


M.d, 


+  M 


2 

1 


=  -  (F. 


M  Z  ) 
u  u 


=  -  (F 


W  ) 
u 


(23) 


Md  +  c6  =  -(F+MZ  -  W)-Z  z-(F  +  Z) 
oooo  tuu  u  o  s  o 


(24) 
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where: 


=  -  (I  -  K  )  W 

o  L  o 


Zf  =  Oq  ^  o,  f 


(25) 

(26) 


and  the  other  constonts  ore  defined  in  the  List  of  Symbols.  Note  that  only  o  single 
strut  is  considered  for  this  simplified  onolysis.  However,  the  multi-gear  onolysis, 
os  will  be  shown,  yields  negligibly  different  results. 

The  equations  of  motion  for  the  equivalent  transformed  system,  Figure  4,  of  three 
masses  may  be  written: 

-  C^(Z^  -  Z^)  4  -  K^(Z^  -  Z^)  4  (L^-  W^)  =  -  (27) 


M, 


,Z,  4-  M  Z  4  C,  Z,  4  C  Z  4  (L  4  L,)  -  (W  4  W.)  =  -  F  (28) 
f  f  s  s  fg  f  sq  s  s  f  s  f  s 


sg 


where  C,  and  C  may  be  considered  as  oerodynamic  damping  terms  for  the  new 
system.  ^ 


Substitute  Z^  and  Z^,  with  corresponding  derivatives,  from  Equations  21  arxJ  22  into 
Equations  27  arxJ  28  and  elimirwte  d  and  a  between  these  equations.  It  is  necessary 


to  assume  tfxit  C  /C,  :  M  /M,,  but  this  assumption  wi  1 1  be  verified  later.  The 

I  ■  sg  ‘g  s  f 

result  IS,  ^  ^ 


Mf(5,  -  B)a,  +[( 

M-  -j 

+  (  -C  B  +  C  5,  -  C  B)  i,  +  (K  s, 

M  s  si  sg  J  1  si 


,  (L,  .  Wf)  .  (W^  -  L,)  :  -  F, 


M 

K^B)(1  .  ^  )o, 

s 


(30) 


Using  the  same  substitutions,  Equation  27  may  be  subtracted  from  Equation  28  and 
like  terms  may  be  collected  to  obtain: 


+  Bd,  4  T7^  d  ■*’“m'(^  B4CB-CS,)a 

1  ^5  °  ^g  ^  s  1  1 


F  ¥  ■  9  =  ° 

s  s 


(31) 
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Equation  23  nxjy  be  rewritten  as: 


17“'*  i;“'* 


M  to' 


7— a,  4-  W  =  -  F 
S,  I  u  s 


Equation  30  rrxjy  be  compared  term  by  term  with  Equation  32.  By  subtracting 
Equotion  23  from  Equation  24  and  normalizing  to  the  coefficient  of  a  ,  an  equation 
moy  be  obtained  for  comparison  with  Equation  31  as  follows: 


M,  c,  c,  M,  CO,  (Z  -  W  ) 

I  .O.  1.  II  .  O  u'^ 

3  -  — — j-  a,  +  ttQ  -  ■  ■  f  o.  -  — — 7—0  +  - rj - z  0  (33) 

o  Mo  Ms.i  M\,l  M 

0^1  o  o 


Equating  the  coefficients  of  corresponding  variables  in  Equations  30  ard  32  ard 
doing  the  some  for  Equations  31  ard  33,  the  constants  of  the  three-mass  system  rrwy  be 
determined  as  a  furKtion  of  known  variables  in  the  LaGrangian  modal  system.  Solution 
of  this  set  of  nine  simultaneous  equations  yields  the  following  set  of  parametric  constants 
for  the  transformed  equations: 

M  +  M,  I  M  (34) 

s  f  o 


L  -»■  L,  =  gM  Z 
s  f  ^  o  o 


M  =  - 7 

M,  +  M  ^  , 

I  o  I 


M  =  - 2 

M,  +  M 
I  o  I 


M  i 

s  o 


2  ^0^1 

K  z  M,  cu,  - o 

^  ’  M,  f  M 

1  0^1 
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(40) 


(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 
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The  Inverse  fronsformations  ore  also  of  interest: 


o 

o 


M,  M 

_ ty  _S  _ 

■  M  M  s 

o  o 


and 


(49) 


M 

°1  ’  ^,(M^  t-  M^^^f  ” 


(50) 


Substitution  of  the  preceding  rclotionships  into  Equotlons  27  orxj  28  will  yield  o 
pair  of  equations  identicolly  equivoicnt  to  Equotions  23  orxi  24.  Thus,  the  three-moss 
system,  with  physically  constrained  values  of  M  ,  Mp  C  ,  ,  C^,  K  ,  L  ,  and  Lp 

will  represent  the  airplane  responding  in  its  firs'  two  free'-^rce  Siod  es  wh'ilc  taxiing. 


A  useful  conclusion  from  this  arxjiysis  is  that  the  structurol  characteristics  of  the 
vehicle  are  defined  by  five  poramoters:  the  total  mass  above  the  landing  gear  M  , 
the  mass  rotio  M  /Mp  the  natural  frequency  ^he  combined  structurol  and 

ocrodyrximic  damping  constants  c^  and  Cj  through  the  rclotionships  for  C  as  well  os 
for  the  ratio  C  /C^  .  This  lottePdamping  ratio,  from  Equation  45,  verities  that  the 
oSiumption  of  E'r^otiSn  29  in  the  derivation  is  compatible  with  the  transformation 
requirements,  and  is  therefore  justified. 


Once  the  above  flexibility  clxaracterlstics  are  determined  for  a  structural  con¬ 
figuration,  the  landing  gear  parameters  may  be  varied  at  will,  without  affecting 
those  constants.  The  transformation  is  valid  for  either  the  nonlinear  or  the  linear 
strut  force  as  computed  from  Equations  17  through  20.  However,  inclusion  of  the 
nonlinearities  requires  that  the  solutions  be  obtained  by  numerical  integration  or 
analog  computer  methods  which  provide  no  major  simplification  over  solutions  obtained 
by  the  use  of  the  modal  equations  as  discussed  earlier. 


A  nonlinear  solution  can  bo  abtained  In  closed  analytic  form,  as  shown  in  Appendix 
J,  using  Equations  24,  26,  and  51;  provided  a j  r  0. 

In  the  case  of  a  linearized  strut  farce,  F  ,  and  tire  force  Fp  a  major  simplification 
docs  result  in  both  the  arxilysis  and  the  physical  interpretation  of  system  response  char¬ 


acteristics.  The  use  of  Equations  19,  20,  27  and  28  along  with  the  relation 

M  Z  -  Vv  r  F  -  F 
u  u  u  s  t 


(51) 


enables  the  determination  of  an  arxjlytical  solution  in  closed  form  for  a  specified 
ground  profile  variation,  q,  with  time.  A  more  detailed  discussion  of  the  solution, 
including  a  summary  of  constants  pertinent  to  the  standard  aircraft  configuration 
under  study,  is  presented  in  Appendix  C. 
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As  mentioned  previously,  once  the  transfer  function  from  strut  force  is  determirwd, 
the  response  of  the  second  and  thrid  coupled  berxJing-ond-torsion  modes  con  be  deter- 
miiHjd  quite  accurately  os  irxjeperdent  oscillators  excited  by  a  force  applied  at  the 
strut  mounting  point.  This  r»eglect  of  coupling  with  the  strut  motions  is  of  negligible 
importance  to  the  higher  modes,  at  least  in  this  example,  since  the  strut  frequency 
response  function  is  essentially  flat  beyond  2  cycles  per  secord,  where  these  modes 
tend  to  reach  peaks. 


Thus,  multiplication  of  the  complex  transfer  function  T„  ,  from 

the  strut  force  to  the  modal  acceleration,  times  the  transfer  funcHon*  T_  , 

fj/q- 

for  strut  force  due  to  grourd  profile  undulations,  will  yield  the  net  modal  transfer 
function  as  fol lows: 


n  ns  s 

Summing  these  modal  responses  with  those  obtained  from  the  transformed  three-mass 
system,  as  shown  in  Appendix  C,  the  complete  response  loads  may  be  obtained  with 
a  negligible  loss  in  accuracy  compared  with  the  more  complete  analog  computer 
analysis. 

Since  the  unsprung  mass,  M  ,  is  usually  very  sfrrall  relative  to  or  M  ,  some 
preliminary  information  on  the  coupled  system  resonant  frequencies  can  be  obtained 
by  a  simplified  arralysis  of  a  two  degree-of-freedom  system  obtoined  by  setting 
M  =0,  neglecting  dampers,  and  assuming  a  single  spring  for  the  strut  ard  tire 
spring  in  series. 

Frequency  response  curves  obtained  therefrom  are  three-dimensional  in  character, 
as  opposed  to  the  two-dlmenslorxil  curves  usually  presented  in  dynamics  literature;  so 
a  model  has  been  prepared  as  shown  in  Figure  150  of  Appendix  H  to  Illustrate  the 
nature  of  the  response  phenomena  for  a  single  mass  ratio  M^/M^  =  .  10.  Since  the 
effects  shown  are  observed  frequently  in  vibration  absorber  studies  for  equipment 
mounting  isolation,  the  more  commonly  known  terminology  of  absorber  mass  and 
main  mass  have  been  applied  to  M  and  M^.  respectively. 

Two  distinct  resonant  peaks  (truncated  for  presentation  purposes)  can  be  observed 
in  the  figure  as  the  forcing  frequency,  co  /  varied  while  cu  and  ^  ,  the  system 
frequencies,  are  held  constant.  This  is  also  typical  of  the  transfer  functions  derived 
for  Zj.  in  the  nonlinear  system,  to  be  discussed  later,  and  since 


(u.) 


U>  T  (o.) 
^f 


(53) 
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the  displacement  function  will  have  similar  peaks. 

The  simplified  study  thus  lends  additioml  evidence  that  a  linearized  system  moy 
duplicate  at  least  the  peaking  characteristics  of  the  nonlinear  system  as  observed  from 
arolog  computer  solutions. 
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SECTION  III 


TRANSFER  FUNCTION  DEVELOPMENT 


In  the  derivotion  of  lineorized  transfer  functions  for  the  more  complete  set  of  dif¬ 
ferential  equations,  os  modified  by  Equotions  17  to  20,  the  analog  computer  is  employ¬ 
ed  to  excite  the  nonlinear  and  the  lineorized  systems  with  o  harmonically  vorylng  ground 
profile.  Time  histories  of  response  thus  obtained  yield  additional  information  on  the 
physicol  nofure  of  both  the  tronsient  ond  sfeody-stote  response  of  the  nonlineor  system; 
ond  the  onolog  computer  is  more  suited  to  the  long  running  times  required  to  otfoin  a 
steody  state  for  what  oppeors  to  be  o  complex,  low-damped  system. 

In  oddition,  harmonic  or  sinusoidol  excitation  is  an  alternative  but  simpler  method 
than  the  direct  dynamic  onalysis,  os  described,  which  requires  the  tedious  opplicotion 
of  power  spectral  or  cross  spectral  density  onolysis  techniques  in  the  generation  of 
tronsfer  functions.  Mathomaticol ly,  all  three  methods  are  dependent  upon  lineor  theory 
and  may  be  inapplicable  to  any  given  nonlinear  system. 

The  existence  of  the  steady  state  solution  for  o  set  of  nonlineor  differentiol  equa¬ 
tions  cannot  be  proven,  in  general,  and  Its  exact  nature  in  time  is  usually  depcrndent 
upon  its  initial  or  boundary  conditions,  whereas  o  damped  linear  system  Is  not  so 
dependent.  Generalizations  are  therefore  difficult  to  make,  and  one  method  of 
transfer  function  development  may  be  superior  to  another  in  a  given  nonlinear  example. 

1  .  Nonlineor  System  Power  Spectrol  Analysis 

The  direct  dynamic  analysis  yields  recorded  time  histories  of  the  stationary  random 
responses  of  the  aircraft  to  the  runway  profile  input.  The  methods  of  generalized 
harmonic  analysis  may  then  be  applied  to  both  the  input  arxl  the  response  to  yield  trons¬ 
fer  functions  for  the  structural  loads  of  interest.  The  power  spectral  density  (PSD) 
functions  which  result  can  be  used  to  compute  frequencies  of  load  occurrences  and  prob¬ 
abilities.  A  primary  purpose  of  this  investigation  is  the  development  of  methods  applicable 
to  the  prediction  of  repeated  loads  resulting  from  ground  operations  of  flight  vehicles,  and 
these  generalized  statistical  procedures  possess  inherent  advantages  in  such  fatigue  studies. 

The  mathematical  procedures,  as  applied  in  both  the  digital  and  analog  comparer 
solutions  for  transfer  functions,  are  presented  in  detail  in  Appendix  D.  Only  the  absolute 
magnitude  of  the  transfer  function  can  be  obtained  in  a  PSD  aixilysis,  but  this  is  sufficient 
for  most  statistical  purposes.  Completed  calculations  for  this  study  are  presented  in  the 
Results  and  Discussion  Section  since  it  is  considered  to  be  the  standard  approach,  and  the 
power  spectral  results  are  used  most  extensively  in  evaluating  alternative  methods. 

2.  Nonlinear  System  Cross  Spectral  Arxalysis 

The  random  time  histories  from  the  airect  analysis  may  also  be  applied  to  determine 
the  cioss  spectral  density,  directly  correlating  the  runway  roughness  with  the  output 
response.  The  technical  approach  is  delineated  in  Appendix  D,  and  some  typical  results 
of  the  cross  spectral  analysis  are  presented  in  Appendix  K. 
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The  cross-correlation  technique  calculates  both  the  mognitude  ond  argument  of  the 
transfer  function.  However,  for  o  lineor  system,  if  no  cross-correlotion  exists,  the 
mognitudes  of  both  the  power  spectrol  ond  cross  spectrol  tronsfer  functions  should  be 
identical . 


3.  Nonlineor  System  Hormonic  Anolysis 

To  check  on  olternotive  possibilities,  for  tronsfer  function  analysis,  ar*d  to  study 
steady-stale  energy  absorption  choracteristics  of  the  nonlinear  system,  it  is  useful  to 
generate  solutions  of  the  nonlinear  strut  force  resulting  from  sinusoidol  excitotion. 

For  this  purpose,  the  more  complete  set  of  flexible  modol  equotions  is  used  except  that 
only  one  strut  is  employed  so  os  to  minimize  the  number  of  porometers,  other  than  non- 
linearities,  which  could  affect  the  solutions. 

Time  histories  of  the  response  generated  while  taxiing  over  a  series  of  (1-cos)  shaped 
ramps,  as  simuloted  on  the  onalog  computer,  are  shown  in  Figures  7  through  1 1 .  The  taxi 
speed  merely  affects  the  aerodyrtamic  damping  present  in  the  single  gear  case,  so  on 
average  velocity  was  selected.  The  transient  response  is  included  to  indicote  the  long 
time  required  for  the  nonlinear  subharmonics  and  ultroharmonics  of  the  system  to  domp  out 
The  presence  of  these  harmonics  is  onticipated  for  nonlinear  systems;  and  they  remain  to 
some  extent,  subsequent  to  the  establishment  of  a  steady-state,  as  predicted  by  perturba¬ 
tion  techniques  in  o  previous  section  and  in  Appendix  E . 


The  significant  point  is  that  a  repeated,  steady-state  time  history  does  result.  The 
periodic  segments  ore  shown  in  more  detail  in  Figures  12  through  35  for  representative 
frequencies  of  excitation.  The  appearance  of  the  segments  is  somewhat  odd  in  that, 
for  a  linear  system,  the  output  loods  must  be  a  sine  wave  of  the  same  frequency  as  the 
input  ground  profile;  whereas  these  nonlinear  results  are.  In  general,  not  sinusoidal. 
Both  the  amplitude  arxJ  the  frequency  vary  throughout  a  periodic  segment. 


The  simplest  response  cycle  is  typified  by  the  vertical  tire  force  time  history  as 
shown  in  Figure  36.  The  first  half  cycle  of  the  response  is  for  decreasing  strut  force  arxi 
is  characterized  by  a  lower  amplitude,  longer  wavelength  curve  compared  with  a  sine 
wave  of  the  average  wavelength  for  the  cycle.  The  second  half  cycle,  for  increasing 
strut  force,  is  of  shorter  wavelength  but  higher  amplitude  than  the  basic  sine  wave  which 
is  referred  to  os  the  equivalent  linear  part.  These  observations  on  frequency  could  be 
surmised  from  the  nonlinear  landing  gear  spring  force-deflection  curve  shown  in  Figure  6. 


r  ^o 


/T-(c/c  ,  are  insensitive  to  the  system 


System  resonance  frequencies,  ^ 

damping  for  small  critical  damping  ratios,  c/c  .  Therefore,  strut  and  tire  springs  may  be 
assumed  to  be  in  series,  ard  by  using  the  formula. 


Kf(Z) 


K  K 

t  a 

TTTT 

t  a 


(54) 


where: 

Z  r  (Z  +  s)  is  the  tire-plus-strut  deflection  (for  q  z  0) . 
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Is  the  instantaneous  tire  spring  constant;  or  the  slope  of  a  tangent  to 

the  tire  force-deflection  curve  at  the  stated  value  of  Z  • 

u 

K  Is  the  instantaneous  strut  air  spring  constant;  or  the  slope  of  a  tangent 
to  the  strut  force  deflection  curve  at  the  stated  value  of  s. 

K^(Z)  is  tiie  instantaneous  series  spring  constant  for  the  tire  ard  strut  combined 
then  the  curve  of  Figure  6  rrwy  be  derived. 

Since  oi  z  ard  the  slopes  of  tangents  to  the  curve  decrease  for  decreasing 

force,  the  lov/er  frequency  of  the  first  half  cycle  of  is  rationally  expected.  Similarly, 
the  increase  in  frequency  can  be  predicted  for  positively  Increasing  force.  In  the  second 
half-cycle  of  F^. 

Estimates  of  the  magnitudes  of  these  additiorwl  frequerreies,  rrot  coinciding  with 
the  basic  excitation  frequency.  Is  a  more  difficult  matter.  Some  arralyses  of  nonlinear 
systems,  as  represented  by  Equation  14,  were  described  earlier.  Using  a  quadratic  or 
cubic  polynominol  fit  to  the  curve  as  shown  in  Figure  6,  ratios  of  the  amplitude  contri¬ 
bution  from  the  nonlirtear  harmonics  to  the  basic  linear  term  amplitude  are  derived  in 
Appendix  F  by  the  perturbation  method.  The  quadratic  spring  term  results  in  a  dominant 
first  harmonic  with  about  4  percent  contribution  to  the  system  response,  atd  the  cubic 
spring  approxifTKJtion  results  in  about  6  percent  amplitude  relative  to  the  linear  term. 

The  summation  of  these  two  harmonics  is  less  than  the  preliminary  estimate  of  nonlinear 
harmonic  amplitude  which,  as  sketched  in  Figure  36  relative  to  the  sinusoidal  response, 
indicates  less  than  a  20  percent  contribution. 

The  resultant  time  history  depends  on  the  phasing  between  the  harmonic  terms,  ard 
the  perturbation  method  does  not  yield  accurate  phase  information.  The  method  of 
"equivalent  linearization"  attributed  to  Kryloff  ard  Bogoliuboff,  Reference  5,  may  be 
more  suited  for  this  purpose  since  that  approach  yields  slowly  varying  amplitude  and 
phase  relationships.  Hov/ever,  for  the  small  amplitudes  involved,  the  additional  detail 
does  not  appear  to  be  warranted. 

The  magnitude  of  the  nonlinear  harmonics  can  best  be  determined  by  Fourier  harmonic 
arxilysis  of  the  periodic  segments.  The  existence  of  nonlinear  subharmonics  (those  of 
lower  frequency  than  the  driving  frequency,  or  "basic")  cannot  generally  be  predicted 
because  of  limitations  in  Fourier  analysis  theory,  but  the  ultra-harmonic  can  be  predicted 
with  fair  assurance. 

The  corresponding  amplitudes  determined  from  such  analyses  are  summarized  for  the 
dominant  harmonics  in  Appendix  I.  Briefly,  a  moderately  large  first  harmonic  and  a 
lesser  second  harmonic  appeared  in  the  results,  as  predicted  in  the  simplified  nonlinear 
analysis.  The  magnitudes  are  also  similar,  with  the  first  harmonic  reaching  a  maximum 
of  about  17  percent  of  the  fundamental  at  an  applied  frequency  of  about  1  .7  cps  for  the 
tire  force.  An  even  larger  first  harmonic  occurs  at  the  same  frequency  for  wing  torsion 
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moment  inboard  of  the  outboord  nacelle,  but  the  fundamental  amplitude  is  rather  low  at 
this  frequency,  so  this  is  not  significant.  The  time  histories  of  Figure  24  and  32  also 
demonstrote  this  morked  oscillation  at  about  3.4  cycles  per  second  superposed  on  the 
driving  frequency  of  1 .7  cycles  per  second.  Since  the  wing  modes  constitute  o  linear 
set  of  differential  equations,  this  cannot  be  o  harmonic  inherent  within  the  wing  struc¬ 
ture.  Rather,  the  predomirsont  wing  torsion  mode  Is  in  resorwnce  with  the  first  non- 
lineor  hormonic  of  gear  excitation,  and  since  wing  torsion  is  usually  less  effectively 
damped,  appreciable  amplitude  results.  This  observation  does  not  indicate  whether  or 
rK)t  the  harmonic  term  Is  In  phase  or  out  of  phase  with  the  maximum  peok-fo-peok  ampli¬ 
tude  of  the  fundamental.  However,  Inspection  of  the  data,  arxl  comparisons  with  the 
nonlinear  power  spectral  density  results  to  be  shown  later,  Irdicote  that  these  harmonics 
frequently  are  in  phase  with  the  steady  state  torsion  moment  over  o  brood  range  of  the 
spectrum  from  one  cycle  per  secorxi  to  3.4  cycles  per  secono.  This  implies  that  the  strut 
force  must  do  some  odditiorwl  work,  and  there  is  on  energy  transfer  which  increases 
torsional  response,  at  high  frequency. 

Similarly,  inspection  of  the  time  histories  for  bending  moment  of  frequencies  of  from 
I  .5  to  2  cycles  per  second.  Figures  23,  24,  and  25,  Indicates  that  appreciable  subharmonic 
oscillation  is  present.  Tlie  situation  suggests  the  possibility  that  energy  may  be  transferred 
to  lower  frequencies,  porticulorly  Into  the  strut  force,  since  the  gear  coupling  Is  quite 
strong  with  wing  bending  modes.  In  fact,  the  effect  does  seem  to  be  present  in  the  strut 
force,  os  will  be  shown  later.  The  explanation  for  subharmonic  excitation  con  best  be 
quoted  directly  from  J.  J.  Stoker,  Reference  3,  os  follows:  "Any  free  oscillation  of  o 
nonlinear  system  contains  the  higher  harmonics  in  profusion,  and  thence  it  is  possible  that 
an  external  force  with  o  frequency  the  some  os  one  of  these  might  be  able  to  sustain  the 
harmonic  of  lowest  frequency.  Of  course,  that  this  actually  should  occur  probably  re¬ 
quires  that  the  damping  be  not  too  great  -  — .  "  Such  an  explanation  implies  the  trans¬ 
fer  of  energy  from  one  frequency  to  another. 

As  discussed  earlier,  the  transfer  function  may  be  obtained  from  the  steady  state 
oscillatory  response  of  o  linear  system  to  o  sinusoidal  excitation.  This  suggests  fhafo 
first  approximation  to  the  transfer  function  may  be  obtained  by  dividing  the  peok-to- 
peok  amplitudes  for  response  quantities  from  Figures  12  through  35,  by  the  coirespord- 
ing  peok-to-peak  input.  A  few  representative  values  determined  in  this  manner  are 
plotted  in  figures  in  Appendix  I,  for  qualitative  comparison  only,  with  the  transfer 
functions  obtained  from  the  power  spectral  density  analysis.  In  this  simplified  form, 
neglecting  the  amplitude  and  phase  of  the  nonlinear  harmonics,  the  magnitudes  are  not 
particularly  accurate .  However,  it  is  significant  that  the  predominant  frequency  response 
characteristics  of  the  quantities,  particularly  tire  force,  are  retained.  The  resonant  fre¬ 
quencies  are  nearly  the  same,  althaugh  the  amplitudes  are  somewhat  low,  indicating  that 
the  harmonics  are  either  out  of  phase  near  resonance  or  they  shift  energy  to  another  part 
of  the  system. 

The  harmonically  generated  solutions  shown  in  Appendix  I  figures  ore  dependent 
upon  the  amplitude  of  the  sinusoidal  excitation.  The  greater  the  amplitude  of  oscilla¬ 
tion,  the  more  nonlinear  harmonics  are  generated.  This  presents  another  problem  since 
the  transfer  functions  for  linear  systems  ore  not  dependent  upon  input  amplitude. 
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Furthermore,  the  quodratic  damping  choracteristics,  as  presented  in  Equotion  18, 
ter»d  to  promote  amplitude  dependence.  For  volues  of  strut  velocity,  s,  given  opprox- 
ifnotely  by. 


(55) 


the  quadratic  damper  will  be  less  effective  thon  the  bes'  average  linear  damper;  ar>d 
for 


D 


(56) 


the  nonlinear  damper  will  be  more  effective,  thus  attenuating  the  response  more  than 
proportional  to  the  amplitude  increose. 

Fora  linear  system,  the  damping  force  can  only  increase  proportional  to  the  ampli¬ 
tude  of  oscillation,  as  shown  in  Figure  124. 


Thus,  the  selection  of  a  driving  amplitude  is  a  problem.  A  reduction  in  drive  on  the 

nonlinear  harmonic  solutions  can  increase  the  transfer  function  peaks  appreciably,  since 

the  resonances  are  sensitive  to  the  lower  resultant  system  damping.  The  drive  amplitude 

was  selected  on  the  basis  of  the  root  mean  square  amplitude,  (T  Jii.  1  ft. ,  of  the  random 

.  \  *  .  rw 

runway  data  from  LaGuardia  International  Airport,  used  in  deriving  the  power  spectral 
(PSD)  transfer  functions  for  the  nonlinear  system.  A  level  of  q  =  i  .85  inches  corre- 
spords  to  about  t  .72  QT  ,  which  according  to  the  normal  frequency  density  distribu¬ 
tion  (Reference  10)  should  include  approximately  50  percent  of  the  runway  amplitudes 
aver  all  wavelengths.  The  driving  amplitude  used  was  slightly  less  for  operational 
reasons;  but  the  selection,  though  seemingly  rational,  was  arbitrary  to  some  extent.  In 
Reference  23  it  is  indicated  that  O'  is  calculated  from  the  equation  (assuming  a  zero  mean) 


(T 


2 


(Jl)d(JI) 


(57) 


where, 

SI  is  the  spatial  frequency  in  radians  per  foot  and  u)  is  fhe  circular 
frequency  with, 

col  2TTf  :  V^-fT-  (58) 
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Af  an  average  taxi  speed,  z  55  fps,  if  is  known  that  most  of  the  magnitude  of 
results  from  integration  over  the  range  from  zero  to  0.8  cycle  per  second  of  runway  in¬ 
put,  since  the  spectrum  declines  rapidly  with  frequency  (  fa  Wee  l/iJ.3  ,  approx¬ 
imately).  Since  the  system  resonances  occur  ot  higher  frequencies,  a  lower  input  q  could 
rotionally  be  selected.  In  fact,  the  input  sinusoid  amplitude,  q  ,  should  possibly  vary 
with  frequency  as  follows: 


q  (0  =  .72 

^mox 


1/2 


(59) 


If  this  procedure  were  utilized,  the  peaks  labeled  as  "rtonlinear  harmonic"  in  Appen¬ 
dix  I  figures  would  be  brought  in  bettor  agreement  with  the  PSD  method  shown.  Thus,  the 
harmonic  analysis  method  constitute*  a  valid  opprooch  in  itself.  Nevertheless,  in  view  of 
the  complexity  of  nonlinear  representation,  and  the  amplitude  sensitivity,  this  approach 
is  not  warranted  if  useful  results  can  be  obtained  by  simpler  methods. 

4.  Lincori zed  System  Analysis 

The  principal  conclusion  to  be  derived  from  the  preceding  nonlinear  analysis  is  that 
the  magnitude  of  nonlinear  effects  is  relatively  small.  Since  a  greater  amplitude  of  strut 
oscillation  would  yield  results  more  nonlinear  in  character,  some  doubt  is  engendered  by 
the  amplitude  dependence  of  the  strut  response.  However,  the  selection  of  the  LaGuordia 
runway  roughness  data,  as  a  basis  for  evaluation,  limits  the  corresponding  amplitude  range 
to  be  applied  in  the  development  of  linearization  procedures.  The  use  of  a  runway  with 
above  average  roughness  levels  tends  to  be  justified,  since  the  adaptability  of  the  methods 
studied  to  severe  operatiorwl  conditions  should  be  an  essential  requirement. 

The  above  conclusion  suggests  that  linearization  of  the  system  nonlinearities  may  be 
feasible,  provided  that  spring  rates  and  energy  absorption  characteristics  can  be  appro¬ 
priately  chosen  by  logical  means.  To  test  the  feasibility,  a  more  accurate  method  of 
linearization  criteria  Is  presented  first,  making  use  of  the  nonlinear  harmonic  aralysis 
of  the  previous  section.  Later,  alternative  schemes  with  various  degrees  of  simplification 
will  be  suggested,  with  the  realization  that  a  nonlinear  system  simulation  on  a  computer 
will  not  always  be  available  to  the  design  engineer. 

The  foremost  requirement  for  determining  the  equivalent  linear  damping  character¬ 
istics  of  a  nonlinear  physical  system  is  that  the  energy  balance  for  the  two  systems  be 
maintained  on  the  average  throughout  a  periodic  segment  of  the  steady  state  response. 

This  implies  that  the  instantaneous  energy  dissipation  will  usually  be  non-valid  for  the 
linearized  system,  but  the  principle  of  conservation  of  energy  as  applied  to  both  systems 
will  be  periodically  obeyed.  Thus  it  is  necessary  for  the  equivalent  linear  strut  damper 
to  dissipate  the  same  amount  of  energy  for  the  same  relative  amplitude  of  strut  motion. 
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The  work  done  per  cycle  of  gear  motion  by  the  damper  Is  equol  to  the  energy,  F, 
dissipated  by  the  damper  per  cycle,  os  follows; 


where  the  scalar  product  con  be  neglected,  since  force  and  displacement  vectors  ore 
always  parallel  in  a  strut.  For  the  nonlinear  system  under  consideration, 

Fj  :  Cpi  lil  (61) 

where  Cp  is  the  nonlinear  damping  coefficient  which  Is  usuolly  predetermined  by  require¬ 
ments  for  design  landing  impact  energy  absorption.  The  value  can  be  derived  analytically, 
as  indicated  in  Appendix  J,  or  from  drop  test  data  on  o  specific  shock  strut.  For  metered 
orifices  in  the  strut,  the  metering  pins  usually  have  a  small  taper  ratio  as  positioned  for 
the  static  level  of  strut  deflection,  so  that  Cp  may  be  assumed  essentially  constant  for 
moderate  amplitudes  of  motion. 

For  the  equivalent  linear  system,  a  viscous  damper  may  be  chosen  as  follows: 

F^  I  Ds  (62) 


where  D  is  a  linear  damping  coefficient,  to  be  determined  by  energy  equivalence.  With 
the  damping  forces  thu'i  defined,  the  equal  energy  requirements,  i  E.  ,  wlxjre  NL 

and  L  refer  to  the  nonlinear  and  linear  system  respectively,  may  now  bo  stated  as: 


Ds  ^ds  : 


*'o'nl 


The  nonlinear  portion  of  Equation  63  may  be  evaluated  directly  in  the  computer  as 
shown  in  Figures  37  and  38.  The  time  history  in  Figure  37  defines  the  energy  change,  A  E, 
for  the  air  spring  and  damper  throughout  severol  cycles  of  oscillation,  and  the  net  dis¬ 
sipation  per  cycle  is  given  by  the  difference  in  ordinates  from  one  peak  to  the  next  in  the 
graph,  since  the  spring  replaces  all  the  energy  it  absorbs  over  a  cycle.  Figure  38  is  less 
useful  since  the  small  area  in  the  elongated  loop  of  strut  force  versus  stroke  cannot  be 
accurately  determined. 

Alternatively,  the  energy  may  be  obtained  from  phase-plane  studies  as  shown  in 
Figures  39  through  43.  The  phase  relationship  between  damping  force  and  strut  displace¬ 
ment  can  be  viewed  directly  in  these  figures.  It  is  of  interest  to  note  that  these  energy 
loops,  as  they  may  be  called,  approach  an  ellipse  in  form.  For  a  linear  system  they 
must  be  exact  ellipses,  as  will  be  shown.  The  area  enclosed  by  the  quasi-ell iptic  curve 
represents  the  energy  absorbed  per  cycle  by  the  damper  in  the  nonlinear  system. 
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The  solution  for  the  equivolent  linear  coefficient,  D,  in  Equation  63  con  be  obtoirr 
ed  by  making  certain  ossumptions  regarding  the  motion  of  the  strut,  os  follows: 

(o)  Assume  sinusoidol  motion  for  the  lineor  system,  so  that  s  :  cjs 
(This  is  volid  for  steody  stote). 

(b)  Assume  that  moximum  strut  displocement  for  the  lineorized  strut  is 
equal  to  that  for  the  nonlineor  strut. 

From  (o)  okx)ve,  ond  Equotion  62,  it  follows  that 


F  c  Ds  :  D  u)  s 
s 


(64) 


orxJ  from  (b). 


$ 


nxix 


NL 


max 


(65) 


s  may  be  determined  from  the  nonlinear  phase-plone  erxjrgy  loops  at  the  desired 

max 

frequency.  Integration  of  the  left  hard  side  of  Equation  63  may  be  accomplished  by 
noting  that,  for  sinusoidol  motion. 


s  :  S|^  sin  cu  t 
max 


Ds  z  DS|^  cu  cos  cot 
max 


(66) 


from  which 


.2  2  s 

sin  CO  t  cos  CO  t  :  — ; 


max 


Ds 


.  2 


/Do,Sl  \ 
I  max  j 


2  - 


(67) 


Hence,  the  integration  is  just  the  area  of  the  ellipse  defined  above,  or 

2 


E|^  z  (p  Ds'ds  z  ttDcoS|^ 


max 


(68) 


Equating  system  energies,  ond  using  Equations  65  and  68,  yields  the  relationship, 

2 


E 


NL 


D  CO  s 


NL 


max 


(69) 
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from  which  the  equivalent  lirvear  damping  coefficient  can  be  solved  as  follows; 


D 


- 5 - 

max 


(70) 


Inspection  of  the  several  energy  figures  reveals  that  the  energy  per  cycle  and  the  strut 
amplitude  vary  from  one  steady-state  frequency  to  another.  Each  set  of  values  yields  a  dif¬ 
ferent  magnitude  of  D  from  Equation  70.  However,  the  selection  is  simplified  by  considering 
the  transfer  function  peaks  arxJ  how  they  affect  the  repeated  load  occurrences  which  are  of 
major  importance  in  fatigue  arxJ  maximum  design  loads  prediction. 


Tire  force  occurrences  per  secorxJ,  N  ,  moy  be  defined  according  to  References  2  arxJ 
12  as  follows;  ^ 


1/2 


wjiere  is  the  average  level  of  tire  force, 


vhere 


Realizing  that  the  output  power  spectrum, 


is  proportional  to  the  square  of  the  transfer  function,  T. 


since. 


■'/q 


$ 


(72) 


and  noting  that  the  transfer  function  peaks  from  the  nonlinear  solutions  (which  were 
derived  prior  to  the  linearized  analysis)  ore  nearly  a  decade  higher  than  off-resonant 
points  in  the  spectrum,  then  it  can  be  concluded  that  the  integral  functions  in  Equation 
71  will  be  rrrost  dependent  upon  the  rrxignitude  of  !he  peaks  in  the  response.  Further¬ 
more,  only  two  principal  peaks  occur  in  the  strut  force  which  is  the  main  source  of 
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excitation  for  the  remainder  of  the  system.  The  high  frequency  peaks  in  the  bending  and 
torsion  moment  transfer  functions  ore  mostly  uncoupled  with  geor  force,  apparently,  and 
therefore  will  not  affect  strut  damping  estimates.  Since  the  vehicles  usually  possess  low 
damping,  the  resononces  may  be  easily  predicted  to  the  desired  degree  of  accuracy  using 
linearized  springs  ord  the  simplified  approaches  suggested  in  ApperxJix  H. 

With  the  above  observatiorts  in  mind,  the  energy  calculations  from  Figures  39  ard 
40  will  be  of  primary  interest  for  the  predetermined  resonances  of  approxirtwtely  0.9  cps 
ard  1 .67  cps.  Using  Equation  70  with  dato  from  these  figures  results  in  two  damping 
^actors,  D  =  138  Ib-sec/in.  ord  D  ■  231  Ib-sec/in.  The  most  reasomble  alternative 
at  this  point  is  to  select  the  overage  value,  D  s  185  Ib-sec/in.,  os  the  equivolent 
viscous  damping  coefficient  to  study  the  feasibility  of  linearization. 

To  determirx?  the  sensitivity  of  this  approach  to  the  calculated  resonarKe  frequency. 
Figure  41  presents  the  phase-plane  diagram  at  1  .75  cps,  slightly  off  from  the  secord 
resonance  peak.  A  definite  "beating"  phenomena,  characteristic  of  nonlirxjor  systems, 
appears  in  the  results.  The  large  and  small  cycles  of  oscillation  repeat  irdefinitely  in 
the  steady  state.  However,  the  overoge  energy  per  cycle  from  both  energy  loops  yields 
o  value  of  D  =  243  Ib-sec/in.,  or  less  than  5  percent  deviation  from  the  volue  at  the 
1 .67  cps  resononce. 

Ultimately,  the  completely  analytical  method  described  in  Appendix  J  is  the  ideal 
approach  for  deriving  the  rxjnl inear  and  linear  domplng  relationships.  Prelimirwry 
calculations  indicote  that  the  analytic  solution  for  the  rxjnlinear  system  predicts  the 
correct  overage  value,  D  :  185  Ib-sec/in.,  for  appropriate  boundary  conditions. 

Further  research  is  required  to  determine  the  validity  of  the  method  when  applied  to  other 
aircraft  and  operatiorwl  conditions. 

If  sufficient  airplane  data  are  not  availoble  to  perform  the  more  accurote  preceding 
orwlyses,  o  very  simple  approximation  to  the  linear  damper  may  also  be  derived  by  the 
method  shown  in  Appendix  G.  Such  on  analysis  may  be  useful  for  preliminary  design 
studies. 

The  polytropic  air  compression  spring  in  the  strut  constitutes  another  nonlinear 
property  of  the  system  which  must  be  linearized.  The  spring  force-deflection  curve 
shown  in  Figure  44  is  exponential  in  character,  since  the  slope  increases  markedly  as 
the  deflection  increases. 

For  normally  distributed  data  most  of  the  load  occurrences  ore  grouped  around  the 
mean  value,  so  it  seems  reasonable  to  select  the  linear  slopes  as  tangents  to  the  curve 
at  the  mean  load  level.  The  static  load  levels  shown  are  approximately  the  mean  values; 
and  they  vary  with  taxiing  speed,  since  added  wing  lift  will  tend  to  relieve  the  "static" 
load  on  the  rrxiin  landing  gears.  This  tongency  yields  o  spring  constant  of  K  =  11,900 
Ibs/in.  at  88  fps  and  K  =  16,910  Ibs/in.  at  22  fps.  The  corresponding  slopes  are 
arbitrarily  drawn  in  Figure  44  so  as  to  Intersect  the  curve  at  approximately  —  20“^  pounds 
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of  load  on  either  side  of  the  mean  at  each  speed.  The  rotmal  curve,  Reference  10, 
indicates  that  nearly  95  percent  of  the  data  should  lie  within  this  range  of  load,  so 
that  a  study  af  the  nonlinear  slope  variation  in  this  broad  band  should  give  a  very 
conservative  estimate  of  possibilities.  Using  root-mean-square  values  from  nonlinear 
data,  brief  Inspection  of  the  nonlinear  curve  indicates  a  fifty  to  four-hundred  percent 
change  in  slope  Is  possible  depending  on  taxi  speed.  However,  these  are  upper  limits 
and  will  occur  only  rarely  in  practice. 


A  more  reasonable  selection  can  be  made  by  selecting  a  narrower  range  of  values 
such  as  1  (T  from  the  mean,  which  will  still  include 44  percent  of  the  data,  and  then 
forcing  the  slope-intercept  formula  to  give  the  same  potential  energy  charge  from  max 
imum  to  minimum  load  for  the  linear  and  the  nonlinear  systems.  This  requires  that  the 
areas  urxJer  the  original  curve  and  the  linear  approximation  must  be  equal  over  the  de¬ 
sired  range  of  load.  Thus  a  curve  can  be  established  by  taking  the  median  slope  from 
the  tangencles  at  88  fps  and  22  fps,  and  selecting  a  range  from  -  (-5,500  lbs) 


below  the  high  speed  static  level  to  +  0"^  (  -  2,400  lbs)  above  the^low  speed  static 

load  level.  The  corresponding  displacements  may  be  labeled  s  and  s^,  respectively, 
and  an  integration  performed  on  Equation  17  for  each  strut  as  follows; 


s  s 

a  a 


Since  all  other  values  are  known,  and  K  may  be  selected  approximately  as  a  median 
value  of  14,075  Ibs/in. ,  the  linear  intercept,  K^,  can  then  be  solved  as  given  in  the 
figure. 

The  selection  of  load  range  is  somewhat  arbitrary,  and  root-mean-square  levels  may 
not  always  be  known  for  the  nonlinear  system.  However,  aero-space  craft  load  factors 
or  center  of  gravity  accelerations  are  frequently  known  for  similar  vehicles,  os  stated 
in  Appendix  G,  so  using  Newton's  law  and  steady-state  assumptions  an  estimate  of 
for  strut  force  may  be  derived  as, 

(Tp  -  (T-  (74) 

s  f 


At  88  fps  the  result  is  G'p  =  5260  pounds  which  is  a  very  good  estimate  compared  with 
the  true  value  of  5500  lbs  ^for  the  nonlinear  PSD  data. 


The  tire  force-deflection  curves  present  much  less  of  a  problem  from  a  nonlinear  stand¬ 
point.  Figures  45,  46,  and  47  for  three  tire  pressures  Indicate  that  these  curves  are  non¬ 
linear  at  low  load  levels,  but  near  static  load  they  tend  to  be  quite  linear.  Most  tires 
exhibit  similar  characteristics,  as  indicated  in  References  7  and  8,  unless  the  tire  Is 
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bottomed  on  the  wheel  rim.  Therefore  a  detailed  linearization  process  is  somewlxjt  super¬ 
fluous  for  the  tire  used  in  this  analysis.  In  the  event  that  a  highly  nonlinear  tire  appears 
in  a  specific  case,  an  equivalent  energy  procedure  similar  to  that  described  for  the  strut 
air  spring  can  be  applied;  so  the  pertinent  static  and  root- mean- square  load  levels  are 
sketched  In  the  figures  as  an  illustration  of  the  approach. 

The  nose  landing  gear  strut  and  tire  forces  given  In  Figures  48  and  49  are  linearized 
by  the  some  procedures  for  use  in  the  multi-gear  analyses,  where  a  tandem  or  tricycle- 
tandem  gear  arrangement  is  used  on  the  vehicle. 

The  average  (quasi-static)  load  on  the  nose  geor  depends  on  many  unknown  para¬ 
meters  such  as  wing  lift,  thrust,  flap  and  elevator  settings,  center-of-gravity  location, 
and  pilot  actions,  so  an  arbitrary  value  of  nearly  5,000  pounds  per  strut  was  selected. 

The  r>ose  gear  of  the  aircraft  used  for  anolysis  consists  of  two  tires  and  a  single  strut; 
ord  since  symmetry  about  the  roll  axis  is  assumed,  the  load  parameters  are  divided  up 
accordingly  for  use  in  the  equations.  The  strut  of  the  nose  gear  has  an  orifice  nearly 
the  same  as  that  for  the  main  landing  gear,  so  the  linear  damping  coefficient  is  assumed 
to  be  the  some  per  strut  for  all  gears. 

The  structural  damping  and  the  steady  and  nonsteady  aerodynamics  employed  are 
essentiolly  the  same  in  both  the  lineai  ord  the  nonlinear  systems.  Additional  physical 
constants  for  the  system  may  be  found  in  Appendices  B  and  C  of  this  report  as  applied 
in  the  linear  and  nonlinear  systems,  respectively. 

The  analog  simulation  Is  conventional  and  involves  equipment  as  described  in 
Appendix  D,  with  the  exception  that  nonlinear  function  generators  and  FM  tape  recorders 
are  not  required.  Frequency  resolvers  are  employed  to  measure  the  phase  angles  for  the 
complex  transfer  functions  which  result. 

Initially  some  check  runs  were  made  to  determine  the  rrognitude  of  the  transfer 
function  for  tire  force  Tj.  at  the  known  resonances  of  the  system,  since  these  are 

^/q 

the  most  important  points.  This  could  be  accomplished  by  driving  the  system  with  a 
cosinusoidal ly  varying  ground  profile,  q  z  q  cosOOt,  until  a  steady  state  is  observed 
on  a  recorder.  The  quantity  of  peak-to-peak  response  divided  by  input  yields  one 
point  on  the  transfer  function.  Care  must  be  exercised  in  varying  the  frequency  input 
to  be  sure  the  true  "peak"  frequency  is  attained. 

Before  such  results  can  be  compared  with  transfer  functions  obtained  by  power 
spectral  density  (PSD)  methods,  the  filter  characteristics  of  the  spectral  analysis  pro¬ 
cedure  must  be  considered.  These  characteristics  and  corresponding  attenuation  factors 
as  shown  in  Figure  50,  are  described  in  detail  in  Appendix  D.  Thus,  to  determine  the 
comparable  load  rragnitudes,  some  knowledge  of  system  damping  characteristics  near 
resonances  must  be  calculated.  This  can  be  obtained  by  measuring  the  logarithmic 
decrement,  or  the  rate  of  decay  in  the  response,  when  a  smooth  harmonic  excitation 
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of  the  system  is  suddenly  removed.  The  formula  for  system  critical  damping,  c/c  ,  may 
be  expressed  decimally  as: 


c/c 


c 


2  rrr 


(75) 


where  G  is  the  decayed  omplltude 


cycles  beyond  the  initial  amplitude  G^. 


The  voriotion  of  system  domping  with  strut  domping  coefficient,  or  speed,  at 
nominal  peak  frequencies  of  .95  and  1 .65  cps,  is  presented  for  three  tire  pressures  of 
interest  in  Figures  51,  52  ond  53.  By  coincidence,  it  appears  tlxjt  both  frequencies 
exhibit  similor  damping  for  the  optimized  lineor  strut  damping,  D  s  185.  An  overage 
toxi  speed  of  55  fps  wos  selected  for  the  first  figure,  since  the  variotlon  with  speed  is 
presented  for  the  .95  cps  peaks  in  Figure  52  and  for  nominal  1 .65  cps  peaks  in  Figure  53, 
while  holding  strut  domping  constont.  This  latter  figure  indicates  a  slight  variation  of 
damping  with  tire  pressure,  whereas  the  .95  cps  results  show  no  similar  dependence  on 
tire  pressure.  The  nonlinear  transfer  functions  irdicate  similar  trerds,  as  will  be  shown 
in  the  Results  ard  Discussion  Section. 


Some  dependence  on  tire  pressure  may  be  expected,  in  general,  since  system  critical 
domping  may  be  defined  approximately  as 


c 

c 


(76) 


which  indicates  a  proportionality  with  the  square  root  of  tire  ard  strut  stiffness.  The 
effect  of  tire  pressure  increase  is  to  stiffen  the  tire,  thus  causing  the  strut  to  work  Ixirder 
and  to  absorb  more  energy  from  the  system. 

By  using  appropriate  Interpolations  of  the  above  figures,  system  damping  rrray  be 
estimated  with  negligible  error  for  any  combination  of  speed,  strut  damping  and  peak 
frequency.  However,  peaks  in  wing  herding  moments  and  torsion  moments  above  3 
cycles  per  second  are  apparently  Insensitive  to  either  speed  or  strut  damping,  and  always 
irdicate  slightly  over  two  percent  of  critical  damping.  These  higher  mode  responses  are 
nearly  uncoupled  with  the  remainder  of  the  system  as  stated  in  earlier  discussions. 

The  variation  of  transfer  function  peaks  for  tire  force,  F^  /  ,  versus  strut  damping  D, 
is  presented  In  Figure  54,  after  application  of  attenuation  fac/t§rs  as  described  previously. 
The  single  larding  gear  program  is  applied  initially  to  simplify  results.  These  curves  are 
useful  for  checking  the  accuracy  obtained  with  the  linearized  damping  coefficient, 

D  =  185  Ib-sec/ln. ,  relative  to  peok  magnitudes  of  the  PSD  transfer  functions  for  tire 
force.  At  this  average  taxi  speed,  the  maximums  at  both  resonances  agree  quite  well  on 
the  average,  as  will  be  shown  in  the  Results  and  Discussion  Section. 


ASD  TR  61-177 


37 


Subsequent  to  this  preliminary  analysis,  the  full  frequency  response  curves  are 
established  by  calculating  the  amplitude  artd  phase  from  Myquist  diagrams.  An  example 
of  this  form  of  presentation  is  shown  in  Figure  55  as  obtained  directly  from  the  computer 
on  on  X-Y  plotter.  The  absolute  riKignitudes,  R  =  |T(u))|  ,  obtained  therefrom  are 
presented  as  a  function  of  frequency  in  the  Results  and  Discussion  Section  for  the  most 
significant  load  quantities. 
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SECTION  IV 


RESULTS  AND  DISCUSSION 


The  results  obtained  from  the  onolyses  ore  presented  in  time  history,  rote  of  occur¬ 
rence,  probobility,  power  spectral,  cross-spectral,  and  transfer  function  form.  These 
quantities  from  the  nonlinear  system  ore  used  for  the  evoluotion  of  the  linearized  frons- 
fer  functions  ore  developed  in  later  phases  of  the  research  program. 


The  principal  responses  rhot  ore  studied  may  be  summarized  os  follows: 


f.i 


Airplone  center  of  gravity  vertical  Deceleration. 

th 

Vertical  reaction  force  on  the  i  landing  geor  (tire  force). 


M  j  Wing  root  herding  moment.  (The  nomiral  wing  root  station  for  testing 
and  onalysis  is  usually  cl>osen  as  approximately  90  inches  from  the 
example  airplane  centerline,  or  wing  station  90). 


Wing  torsion  moment  inboard  of  the  outboard  nacelle, 
corresponds  approximately  to  wing  station  350.) 


(This  location 


In  addition,  the  runway  amplitudes,  q,  are  aralyzed  as  generated  in  the  computer 
for  excitation  of  the  airplane.  Several  other  load  points  on  the  airplane  are  selected, 
in  addition  to  the  primary  quantities,  to  complete  the  load  survey.  It  was  difficult  to 
select,  at  the  initiation  of  the  program,  those  stations  which  would  be  of  greatest  signi 
ficance  for  transfer  function  development. 


The  sign  conventions  for  displacements  and  loads  may  be  found  in  Figure  2  or 
Figure  3,  or  as  defined  in  the  List  of  Symbols. 

Results  of  the  direct  dyrwmic  aralysis  are  presented  for  4  speeds  while  taxiing  over 
the  runway  at  LaGuardia  Interixitioral  Airport  which  is  designated  in  Reference  25  as 
runway  5L.  A  detailed  tabulation  of  the  amplitudes  for  this  runway  is  given  in  Refer¬ 
ence  27. 

Parametric  variations  are  made  for  two  principal  nonlinear  components  of  the  land¬ 
ing  gear.  In  addition  to  the  standard  strut  orifice  diameters,  larger  and  smaller  orifices 
are  examined  for  the  main  and  nose  landing  gears.  Also,  the  effects  of  higher  and  lower 
tire  pressures  are  studied  relative  to  the  standard  configuration  for  the  example  airplane. 
The  particular  values  used  are  presented  in  detail  in  Appendix  B,  and  also  on  the  figures, 
where  pertinent. 

Unless  specific  statements  are  made  in  the  key  of  each  figure,  it  should  be  assumed 
that  the  configuration  is  standard  for  the  example  airplane. 
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Sample  time  histories  as  obtained  from  the  anolog  computer  ore  presented  in  Figures 
56-59.  The  time  scale  con  be  derived  by  using  the  timing  morks  at  the  bottom  of  each 
page.  The  spaces  between  the  marks  represent  exactly  1 1  feet  of  runway,  so  division  by 
the  taxi  speed  in  feet  per  second  will  yield  a  time  increment  in  seconds,  as  determined 
by  the  analog  scaling. 


use 

Most  quantities  are  presented  as  Increments  from  a  static  equilibrium  or  average  value. 
Since  wing  lift  is  assumed  to  vary  with  speed,  the  equilibrium  gear  forces  are  plotted 
versus  taxi  speed  in  Appendix  B  for  easy  reference. 

The  synthesized  power-spectral  density  of  the  LaGuardia  runway  amplitudes  Is  pre¬ 
sented  In  Appendix  K  in  the  space-plane.  In  the  time-plane,  the  power  density  is 
expected  to  be  a  function  of  the  velocity  as  follows; 

$  ( w )  •  -It  $  ( ^ )  (77) 

V 

where  -fL  Is  the  spatial  frequency  In  radians  per  foot,  and  OJ  Is  In  radians  per  second. 

Also,  co=  .  (78) 

The  above  relationships  will  not  be  satisfied  by  these  results  at  every  point  in  the 
spectrum,  however,  since  time  is  scaled  in  the  computer  to  simulate  taxi  speed.  The 
scaling  requires  that  a  new  set  of  active  filters  be  "designed"  or  set-up  for  each  speed; 
and,  although  great  care  is  exercised  to  try  to  obtain  the  same  filter  characteristics  at 
each  frequency  point,  some  small  differences  in  components  will  distort  the  power 
density  slightly. 


In  the  multi-gear  time  history.  Figure  58,  the  nose  gear  tire  force,  F^|,  contacts 
the  beginning  of  the  runway  some  time  previous  to  the  front  main  gear  force,  F^2' 
of  the  natural  sequence  of  the  struts  In  passing  over  the  runway. 


1 .  Direct  Power-Spectral  Analysis  of'the  Nonllneor  System 

Figures  60  -  62  present  the  power  spectra  of  the  main  gear  forces  for  the  nonlinear, 
single  gear  analysis  on  the  computer  at  four  taxi  speeds.  As  discussed  earlier,  the  single 
gear  analysis  Is  useful  for  preliminary  parametric  studies.  These  results  may  be  inter¬ 
preted  as  representing  a  tricycle  or  tail  wheel  airplane  taxiing  with  sufficient  speed  to 
lift  all  but  the  main  gears  off  the  ground. 

A  visual  inspection  of  the  data  reveals  that  peaks  on  a  given  spectrum  coincide 
in  frequency  with  predominant  harmonic  content  present  In  the  corresponding  time 
histories.  It  is  apparent  that  forcing  frequencies  as  well  as  natural  frequencies  could 
Influence  the  peaks  in  output  spectra;  but  the  input  spectrum  is  a  smoothly  declining 
function  as  shown  in  Apperdix  K,  so  the  response  is  mostly  determined  by  the  transfer 
function  as  shown  in  Equation  6D  *n  Appendix  D.  Each  frequency  point  on  a  transfer 
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function  is  dependent  on  steady-state  conditions  where  only  the  forcing  frequency  remains 
in  the  response.  Since  the  transmittance  of  each  transfer  function  is  greatest  at  resonance, 
natural  frequencies  of  the  system  ore  expected  to  appear  predominantly  in  the  response. 

Both  the  tire  force  spectra,  Figures  60  and  61,  and  the  strut  force  spectra.  Figure  62, 
ore  nearly  identical  in  appearance.  Therefore  it  con  be  assumed  that  the  effects  of  the 
unsprung  mass  of  the  landing  gears  ore  not  very  significant  In  steady-state  response  at 
the  most  important  frequencies.  The  two  principal  peaks  occur  at  frequencies  above  and 
below  the  first  wing  bending  frequency  (about  1 .27  cps),  so  the  gear  force  coupling  with 
the  wing  in  steady  state  may  ut  first  appear  to  be  small.  However,  the  translational 
natural  frequency  of  the  rigid  body  mass  of  the  vehicle  on  the  main  landing  gears  is  approx¬ 
imately  1.25  cps,  using  linearized  spring  constants  from  Equation  54.  In  this  instance,  the 
wing  and  gear  frequencies  form  o  strongly  coupled  pair  which  at  resonance  split  Into  two  new 
system  modes  at  higher  and  lower  frequencies  from  those  of  the  uncoupled  system.  Similar 
phenomena  may  be  observed  in  vibration  absorber  theory  as  described  in  Appendix  H.  Also, 
the  transformed  linear  system  of  Appendix  C  mokes  the  analogy  even  more  apparent,  since 
the  LaGrangian  generalized  coordinates  are  replaced  by  rectangular  cartesian  coordinates 
corresponding  to  those  in  Appendix  H. 

The  broadest  possible  range  of  strut  and  tire  parameters  for  this  aircraft  is  selected 
for  the  parametric  variations.  The  corresponding  strut  natural  frequencies  clxj.ige  notice¬ 
ably,  but  this  dual  mode  phenomena  appears  consistently  in  all  results;  so  the  phenomero 
is  anticipated,  in  general,  for  any  aircraft  having  flexible  structural  modes  near  the  strut 
natural  frequencies. 

The  response  of  the  multi-gear,  or  rwrmal  tandem-gear  configuration  of  the  example 
airplane  is  also  computed  in  power  spectral  form.  Generally,  the  peaking  characteristics 
of  the  curves  are  the  same  as  those  for  the  single  gear  analysis.  The  small  differences 
that  do  appear  will  be  discussed  more  fully  in  later  comparisons  with  the  linearized  data. 

Rate  of  load  occurrence  and  probability  data  for  the  previously  discussed  loads  are 
presented  in  Figures  63  through  73  for  the  multi-gear  nonlinear  analysis.  All  loads  and 
accelerations  are  given  as  dynamic  increments  from  a  static  equilibrium,  or  average 
value,  corresponding  to  the  zero  on  the  load  scale.  The  probability  curves  are  nor¬ 
malized  as  the  probability  of  equaling  or  exceeding  o  given  load  level .  Direct  data 
sampling  techniques  have  been  used,  as  described  in  Appendix  D,  rather  than  the  assumed 
Gaussian  distribution.  Equation  5D  in  Appendix  D.  Therefore,  the  unsymmetry  in  the 
distribution  of  positive  and  negative  increments  is  clearly  observable  in  many  cases. 

This  is  particularly  true  far  the  vertical  tire  force,  as  was  expected  from  its  nonlinear 
characteristics.  Hawever,  since  the  strut  is  the  predominant  driving  mechanism,  the 
skewness  of  the  load  occurrences  may  appear  in  any  output  quantity. 

For  nearly  all  situations,  the  rate  of  load  occurrences  increases  with  increasing 
taxi  speed,  as  may  be  intuitively  expected. 
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The  transfer  functions  as  derived  from  Equation  6D  in  Appendix  D  for  the  above  loads 
are  presented  in  Figures  74  through  78  for  comparison  with  the  linearized  results  to  be 
discussed  later.  The  peok-frequency  characteristics  are  very  similar  to  those  for  the  power 
spectrum,  as  is  expected.  The  wing  bending  moment  shows  a  relotively  high  peak  at  the 
secorxJ  wing  bending  frequency,  4.9  cps;  aixJ  torsion  moment  indicates  a  large  response 
at  3.4  cps  which  is  the  predominant  wing  torsional  frequency.  Wing  root  berxling 
moment  shows  very  little  response  corresporxJing  to  the  1 .65  cps.  system  mode.  Further 
analysis  indicates  that  at  this  frequer»cy  the  first  free-free  wing  mode  ard  the  strut  are 
oscillating  at  large  amplitude,  but  out  of  phase  with  each  other.  Thus,  the  rigid  body 
translational  mode  tends  to  cancel  the  loads  from  the  first  uncoupled  bending  mode. 

The  nonlinear  transfer  functions  are  more  useful  than  the  power  spectra  in  evaluating 
lineorized  transfer  functions  for  later  phases  of  the  program.  The  more  uniform  distri¬ 
bution  of  peaks  with  frequency,  for  functions  normalized  to  a  smoothly  varying  input 
spectra,  is  more  ameroble  to  visual  Interpretation. 

It  is  apparent  that  tlie  primary  usefulness  of  the  occurrences  and  probability  data 
is  to  indicate  trends  in  the  prediction  of  fatigue  loads  spectra  for  a  given  airplone  or 
configuration.  There  is  no  doubt  as  to  the  validity  of  the  direct  sompling  methods,  where¬ 
as  the  Gaussian  assumption  may  not  be  applicable  to  the  response  of  a  nonlinear  system. 

As  discussed  previously,  the  methods  of  generalized  harmonic  aralysis  are  rxDt 
applicable,  strictly  speaking,  to  nonlinear  systems.  However,  these  methods  have  been 
assumed  valid  in  earlier  studies  (References  II,  18,  20,  21,  and  28)  and  the  results 
have  appeared  to  be  reasonably  applicable.  The  research  program  discussed  herein  is 
somewhat  more  extensive  than  the  previous  studies,  and  a  prime  purpose  is  to  check 
the  validity,  or  possible  omissions,  of  these  theoretical  techniques. 

2.  Cross-$pcctral  Analysis  Results 

An  additional  check  can  be  made  through  a  cross-spectral  density  arxilysis  of  the 
same  data.  It  Is  recognized  that  consideration  of  phase  relationships  between  the  ex¬ 
citation  and  the  response  in  the  complex  plane  could  possibly  reveal  additlonol  Infor¬ 
mation  on  nonlinear  phenomena. 


A  sample  cross-spectral  density  for  rear  main  tire  force,  cross  correlated  with 
the  runway  derivatives,  q„,  is  presented  in  Appendix  I  for  the  standard  multi-gear 
configuration  of  the  example  aircraft.  Comparison  of  these  data  in  the  form  of  transfer 
functions  from  Equation  7D  in  Appendix  D  with  corresponding  PSD  data,  as  shown  in 
Appendix  I,  indicates  that  the  peak  frequencies  and  amplitudes  are  not  appreciably 
different  for  tire  force. 


It  seems  apparent,  then,  that  cross  spectral  analysis  will  not  yield  new  Infor¬ 
mation  arxl  that  the  power  spectral  transfer  functions  are  valid,  within  the  mathematical 
assumptions,  as  shown. 
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3.  Lineorized  System  Results 


The  lineorized  system  has  been  onalyzed  by  the  procedures  given  in  the  Theoreticol 
Discussion  section  of  this  report.  The  optimum  lineorized  domping  coefficient  of 
D  :  185  Ib-sec/in.  is  assumed  to  correspond  to  the  normal  gear  configurotion  having 
a  quodratic  domping  coefficient,  :  14.1  Ib-sec^/in^.  The  equivalent  linear 
transfer  functions  shown  ore  deriveotrom  the  analog  computer,  but  the  analytical 
solutions  in  Appendix  C  yield  essentiolly  the  same  answers. 

The  linear  results  ore  compared  with  the  r»onlineor  tronsfer  functions  for  single  gear 
analyses  in  Figures74  to  77  for  on  overoge  toxi-speed,  ond  remorkobly  good  agreement 
con  be  observed  in  generol.  Since  the  londing  gear  reoction  forces  constitute  the 
principal  nonlineority  of  the  system,  results  for  tire  force  in  Figure  74  ore  most  signif¬ 
icant  in  tlwt  the  linearized  dampers  ar»d  springs  do  adequately  duplicate  the  peaks. 

The  absence  of  rrwjor  resorwnces  beyond  2  cycles  per  secord  indicotes  very  little 
coupling  between  the  higher  modes  and  tlx;  strut. 

The  transfer  functions  for  tire  force  are  compared  in  Figure  78  at  the  highest  taxi 
speed  to  see  if  the  validity  is  impaired  by  any  velocity  dependence.  Again  the  nxjxima 
ore  in  agreement,  but  the  linear  system  shows  some  minor  attenuation  off  from  resonances 
for  both  speeds.  This  may  be  expected,  since  the  lirjcar  damper  was  selected  to  match 
the  higher  damping  requirements  of  the  nonlinear  gear  at  tlie  larger  strut  amplitudes 
ixiar  resoixjnces.  Therefore,  slight  overdomping  occurs  on  sidebands  in  the  spectrum. 

The  above  result  is  not  particularly  disadvantageous,  however,  since  for  statis¬ 
tical  purposes  the  load  occurrences  ore  dependent  upon  integral  functions  of  the  out¬ 
put  power  spectral  densities  computed  from  Equation  6D  in  Appetdix  D.  Somple  power 
spectra  are  shown  in  Fig  -res  79  and  80,  and  low  frequency  peaks  ore  greatly  accentu¬ 
ated  due  to  the  nature  of  the  input  spectra,  ^  .  Thus  the  integrals  in  Equation  50 
In  Appendix  D  ore  most  sensitive  to  the  accuracy  at  resonances  rather  tlxsn  on  side- 
bo  txl  frequencies. 

The  next  phenomenon  investigated  is  possible  aircraft  pitching  effects  on  a  multi¬ 
gear  arrangement.  The  main  landing  gears  are  mounted  close  together  in  tandem,  with 
the  tiose  gear  over  30  feet  forward,  as  described  previously.  It  was  surmised  that  a 
study  of  variable  phasing  between  nose  and  main  gear  forcing  functions  would  reveal 
any  steady  state  pitch  effects.  The  most  noticeable  effects  should  appear  for  com- 
parisofis  between  cases  with  these  nose  and  main  gears  driven  out  of  phase  and  in  phase. 
Such  results  are  shown  in  Figures  81 ,  82  and  83  for  tire  force  and  for  wing  torsion 
moment,  respectively.  No  appreciable  differences  can  be  observed  in  these  figures, 
except  at  a  very  low  amplitude  at  0.5  cps,  or  less,  where  computer  solutions  are  impared 
by  low  voltage  "noise"  levels.  This  frequency  corresponds  to  the  anticipated  pitch 
resonance  range  in  this  case,  and  It  Is  apparent  that  this  frequency  is  sufficiently  low 
that  it  has  no  noticeable  coupling  with  the  higher  frequencies  of  the  system.  There  is  a 
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very  slight  fefidency  for  torsion  moment  to  be  reduced  on  the  resonance  peak  for  the  out- 
of-phose  condition,  so  what  little  pitch  is  present  terxJs  to  concel  some  wing  torsion. 
However,  either  result  is  within  the  occurocy  of  the  nonlinear  results  used  for  comparison, 
so  the  difference  is  not  significant.  Similarly,  the  other  sampled  loads  indicated  no 
significant  sensitivity  to  phosing  or  pitching  effects. 

To  determine  whether  or  not  tire  pressure  variations,  with  correspording  strut 
frequency  changes,  could  affect  these  results.  In-phase  ond  out-of-phose  dato  were 
studied  at  different  tire  pressures  for  the  principal  loads  and  accelerations.  Again,  no 
phase  sensitivities  were  observable  during  arwiysis,  so  only  the  in-phase  results  ore 
given  for  comparison  with  nonlinear  transfer  functions  obtoined  by  PSD  methods  os  shown 
in  Figures  84  to  87.  The  agreement  is  very  good  over  the  frequency  range,  in  general, 
os  was  true  for  the  single  gear  exomples. 

4.  Parometric  Varlotions 

The  maxima  are  of  greatest  interest,  so  they  are  presented  as  parametric  variations 
with  tire  pressure,  taxi  speed  and  strut  damping  coefficient  in  the  subsequent  figures. 

The  peak  variations  with  tire  pressure  are  shown  in  Figures  88  through  90  for  several 
load  quantities,  in  comparison  with  corresponding  nonlinear  results.  Only  the  nominal 
frequency  of  the  transfer  function  peok  is  given,  since  the  frequency  varies  with  pressure. 
The  agreement  is  relatively  good  in  both  magnitude  and  trend,  except  for  the  nominal 
0.93  cps  peak  on  torsion  moment.  This  is  probably  explairoble  in  terms  of  the  shift  of 
energy  to  other  harmonics  in  the  nonlinear  system  at  this  frequency,  as  was  discussed  in 
the  section  on  nonlinear  harmonic  solutions.  Other  minor  discrepancies  also  are  probably 
ottributoble  to  this  phenomena. 

The  tendency  for  tire  force  peaks  to  increase  with  increasing  tire  pressure  is  of 
interest,  so  these  are  studied  additionally  in  Figures  91  and  92.  The  linearized  tire 
spring  constant,  K^,  in  Figure  91  increases  nearly  30  percent  in  transition  from  60  psi 
to  120  psi  (maximum  rated  pressure)  in  the  tire.  However,  the  ratio  of  tire  transfer 
function  to  tire  spring  constant  only  shows  a  minor  decline  with  Increasing  tire  pressure. 
Therefore  the  increase  in  the  maximum  tire  force  is  nearly  proportiorxal  to  tire  spring 
stiffness;  but  some  attenuation  from  increased  strut  damping  is  observable,  since  a  stiffer 
tire  tends  to  work  the  strut  more  severely. 

Since  no  additional  effects  due  to  phasing  are  observable  in  the  preceding  multi¬ 
gear  parameter  studies,  the  remainder  of  the  data  is  determined  principally  for  single 
gear  analysis,  although  some  additional  multi-gear  data  are  given  for  comparison. 

Variations  of  peaks  with  taxi  speed  are  presented  in  Figures  93  through  96  for 
comparison  with  nonlinear  solutions.  Logarithmic  plots  are  more  appropriate,  since  the 
analysis  is  primarily  interested  In  response  power,  which  Is  usually  shown  in  this  form 
for  statistical  purposes.  Similarly,  the  variations  with  strut  damping  coefficient  are 
given  in  Figures  97  through  106.  Trends  are  nearly  the  same  in  most  instances,  and 
the  magnitudes  are  in  moderately  good  agreement. 
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At  this  point  it  seems  apparent  that  the  multi-gear  PSD  data  on  the  tire  force 
consistently  foils  below  the  single  and  multi-geor  linear  data,  but  by  varying  amounts. 
Yet  the  single  gear  nonlineor  data,  which  are  only  availoble  for  the  center  corxiifion 
on  the  cross-plots  for  tire  pressure  and  damping,  are  higher  and  in  relatively  good 
agreement  with  the  linear  data. 


A  closer  reanalysis  of  the  nonlinear  date  given  previously  was  made  as  shown  in 
Figure  107  to  examine  this  characteristic  of  the  functions.  Although  the  0.95  cps  peak 
for  fire  force  shows  fair  agreement,  both  maxima  are  lower  for  the  multi-gear  analysis, 
especially  at  1 .65  cps.  The  situation  is  difficult  to  explain  since  the  pitching  dif¬ 
ferential  equotion.  Equation  4,  represents  a  predomirontly  lirreor  response  which  should 
be  r>o  different  in  the  lirreor  and  the  rronlinear  systems.  No  subharmonic  response  near 
the  pitching  frequency  has  been  defected  near  these  resonances  in  the  transfer  function. 
Therefore,  the  only  conclusion  possible  is  that  some  unknown  increment  of  attenuation 
was  present  in  either  the  direct  dynamic  analysis  over  the  random  runway  profile,  or  in 
the  PSD  analysis  of  the  multi-gear  data. 

The  true  source  of  discrepancy  cannot  be  discovered  without  major  reanalysis,  but 
it  is  apparent  that  the  single  gear  data  are  more  consistent  with  the  remainder  of  the 
linear  data  within  rational  arguments  on  pitching  and  gear  force  phasing  effects. 


As  a  result,  the  single  gear  nonlinear  data  are  plotted,  at  the  only  available  center 
point,  in  Figures  97  to  106.  Parametric  variations  of  the  transfer  function  peaks  with 
are  only  available  for  the  multi-gear  nonlinear  studies,  so  the  variations  of  these 
data  are  extrapolated  as  shown  on  the  figures  by  a  dotted  line  through  the  known  single¬ 
gear  point.  Viewed  in  this  manner,  which  is  believed  to  be  more  rofionally  correc?, 
the  data  for  the  linear  and  nonlinear  systems  are  in  quite  good  agreement,  except  for 
torsion  moment  at  low  frequency,  as  explained  before.  Appendix  F  shows  the  complete 
transfer  functions  for  the  Increased  and  decreased  damping  coefficients  corresponding  to 
the  above  parametric  data. 


The  energy  phase-plane  diagrams  discussed  earlier  are  only  available  for  the  median 
(standard)  damper  of  the  nonlinear  system.  Therefore,  within  the  simplified  theory  given 
in  Appendix  G,  the  linear  dampers  are  just  taken  proportional  to  the  nonlinear  coeffi¬ 
cients.  The  assumption  Is  the  best  on  the  average;  but,  because  the  maximum  strut 
amplitude  varies  nonlinearly  with  the  damping  In  the  true  system,  the  linear  damper 
should  not  be  varied  quite  so  much  as  indicated.  This  is  most  apparent  in  Figures  101 
and  102  for  C.G.  acceleration. 


Assuming  the  right  hand  side  of  Equation  63  can  be  approximated  by  an  ellipse, 
and  using  Equation  64,  the  linear  D  may  be  solved  as 


D 


r  2  3 

^  'nL 


TTCxiS, 


(79) 
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Then,  using  Equation  65, 


Solving  for  from  Equation  17,  ond  ignoring  TT.,  K.,  ond  the  subscripts: 


max  a 

mox 


Substitute  Equation  81  into  Equation  80,  then. 


(80) 


(81) 


D  <Cp  (  b  -  p-^)  (82) 

o 

max 

where  f^  can  be  obtained  from  a  linear  system  curve  os  shown  in  Figure  54,  with 
simple  iterolion  on  D,  and  using  the  approximation  tlxjt 

This  proportionality  con  be  used  to  estimate  a  more  appropriate  value  for  D  tlxin  tlxit 
used  in  the  figures.  Ihc  difference  is  small,  but  it  would  improve  the  agreement.  Also, 
the  theoretical  methods  of  Appendix  J  can  be  extended  to  improve  the  damping  estimates. 

5.  Statistical  Comparisons 


Since,  for  fatigue  loads  purposes,  the  statistics  are  of  primary  interest,  the  lood  rate 
of  occurrence  is  calculated  for  10  nominal  levels  from  Equation  5D  in  Appendix  D,  which 
makes  the  assumption  of  a  Gaussian  -  normal  frequency  density  distribution.  The  input 
runway  amplitudes  arc  Gaussian  distributed,  so  for  the  linear  system,  the  output  response 
must  also  be  Gaussian  in  nature.  The  response  power  spectra  for  use  in  these  calculations 
arc  presented  in  Figures  108  through  1 1 1  as  obtained  from  the  transfer  functions  applied 
in  Equation  6D  in  Appendix  D. 

To  obtain  a  common  base  of  comparison,  the  nonlinear  power  spectra  discussed 
previously  arc  also  integrated  as  shown  in  Equation  6D  in  Appendix  D  and  presented 
on  Figures  1 12  through  123  as  nonlinear  (Gaussian)  results.  The  agreement  with  the 
linear  (Gaussian)  data  is  generally  good,  as  would  be  expected  from  the  agreement  of 
the  power  spectra  In  Figures  108  through  111. 


The  curves  in  Figures  63  to  73  Indicate  that  the  nonlinear  data  Is  non-Gaussian 
distributed.  Skcv.'ness  factors,  as  high  as  -  7  or  as  low  as  i  0  can  be  computed, 
depending  on  selected  load  level,  where  -  2  Is  considered  statistically  significant  in 
Reference  10.  A  sample  load  occurrences  variation  for  tire  force,  obtained  by  direct 
sampling  methods,  is  shown  in  Figure  113  for  comparison.  The  data  are  somewhat 
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different  in  distribution  curve  shape,  and  about  six  times  higher  in  overage  rote  of 
occurrences.  To  elimirwte  the  effects  of  local  curvature,  o  Goussion  curve  v^os  fitted 
to  the  direct  sampling  curves  in  every  cose  by  the  method  of  least  squares.  These  re¬ 
sultant  curves  shown  In  Figures  112  to  123  ore  generally  parallel  to  the  linear  accur- 
rence  variations,  but  they  are  consistently  higher. 

A  qualitative  explanation  for  this  can  easily  be  given.  In  the  linear  system,  only 
one  frequency  of  oscillation  can  result  for  one  frequency  input.  Conversely,  the  non- 
lineor  system  is  known  to  possess  several  harmonics  of  response  over  the  fundamental, 
arxi  possibly  some  subliormonics,  os  shown  in  Appendix  I.  For  evciy  cycle  of  Input, 
therefore,  many  cycles  of  response  can  result  at  any  load  level,  since  these  harmonics 
are  distributed  profusely  throughout  the  spectrum.  The  average  frequency  over  the 
resonances  far  tire  force,  preferrably  weighted  according  to  spectral  amplitudes  from 
Figure  108  can  be  assumed  at  about  1  .25  cps,  which  would  be  similor  to  the  funda¬ 
mental  for  the  linear  system.  The  corresponding  first  and  second  ultra-harmonics  of 
the  nonlinear  response  should  average  about  2.5  cps  and  3.75  cps,  respectively.  Tlte 
ratio  of  peaks  present  according  to  this  simplified  analysis  would  be  about  7.50/1 .25, 
or  about  6  more  occurrences  in  the  nonlineor  system  compared  with  the  linear  system. 
In  practice,  even  higher  ultra-harmonics  could  be  present,  olthough  the  data  for 
Appendix  I  does  not  iixlieate  this.  Therefore,  the  generally  higher  level  of  lood 
occurrences  for  the  nonlineor  data  in  the  figures  con  be  rationally  explained. 

The  load  occurrences  for  tire  force  In  Figures  112,  113,  and  1 1 4  indicate  on 
interesting  trend;  Increases  in  tire  pressure  Increase  the  Gaussian  peak  load  occur¬ 
rences  of  the  nonlinear  system  more  tlxjn  proportional  to  that  for  the  linear  system. 

At  low  incremental  forces,  the  agreement  between  the  two  systems  is  good,  within 
the  Gaussian  assumption.  Flowcver,  at  very  large  lood  levels,  a  stiffened  tire  (higher 
pressure)  will  result  in  more  strut  telescoping  action,  thus  increasing  the  magnitude  of 
the  damping  forces  for  the  nonlinear  system  more  than  proportiorwl  to  those  for  the 
lineor  system.  A  study  of  Figure  124  for  strut  domping  force  versus  strut  velocity  will 
reveal  that  the  nonlinear  system  damping  force  is  sensitive  to  load  amplitude,  where¬ 
as  the  linear  damping  force  increases  only  proportional  to  omplitude. 

A  possible  counteractive  effect  is  the  predicted  appearence  of  more  of  the  higher 
nonlinear  harmonics  for  increased  amplitudes  of  strut  motion.  This  phenomena  v/ould 
tend  to  alter  the  load  occurrences  under  the  Goussion  assumption  through  the  effects 
on  the  higher  frequency  power  spectrol  amplitudes  used  in  Equation  50  in  Appendix 
D.  The  exact  magnitude  of  this  effect  is  difficult  to  predict  analyticolly. 

These  results  probably  show  an  extreme  effect,  since  the  assumed  tire  pressures 
range  from  less  than  the  minimum  for  the  aircraft  to  the  maximum  rated  pressure  for 
the  tire.  At  the  average  pressure,  however,  the  lineor  system  load  occurrences  on 
the  tire  are  in  excellent  agreement  with  those  for  the  nonlinear  system,  as  shown  in 
Figure  113  under  the  Gaussian  label. 
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Even  these  minor  deviations  in  the  doto  could  perhops  be  removed  by  using  o  better 
system  domping  estimote.  The  closed  form  solution  to  the  nonlinear  system  equations 
obtoirwd  in  Appendix  },  by  the  opplicotion  of  elliptic  function  orxilysis,  offers  the 
most  promising  meons  for  improved  system  damping  estimotion.  Only  the  feosibility  of 
such  a  method  is  to  be  studied  os  port  of  this  program,  but  the  results  for  damping 
foctors  as  shown  in  ApperxJix  J  ore  very  encouroging.  Further  reseorch  is  needed  to 
determine  the  accurocy  ottoinable  for  other  oircroft,  ond  the  possible  simplificotions 
that  moy  be  achieved. 

Similarly,  the  effects  of  nonlinear  ultro-ond  subharmonics  on  repeoted  loads 
prediction  should  be  the  subject  of  future  reseorch.  There  is  some  question  as  to 
whether  this  larger  number  of  cycles  of  lood,  ot  relotively  low  omplltude,  con  rrxirk- 
edly  reduce  fatigue  life  of  a  vehicle.  The  vorious  theories  of  fatigue  life  available, 
os  indicated  in  Reference  16,  do  not  always  ogree  on  the  relotive  importorKe  of  cycles 
ar>d  stress  levels.  For  exomple,  resonance  seems  to  be  an  essentiol  foctor  In  the  fatigue 
failure  of  a  panel  subjected  to  jet  noise  or  buffeting,  which  implies  that,  for  root-mean- 
square  stress  levels  low  enough  to  result  In  long  life,  the  damoge  is  doen  by  only  a  very 
few  of  the  stress  reversals,  perhaps  fewer  than  2  percent,  and  these  stresses  are  of  high 
nxjgnitude  averoging  over  three  times  the  root-mean-square  level.  On  the  other  hard, 
the  commonly  accepted  Minor's  theory  predicts  that  a  large  number  of  stress  reversals 
at  relatively  low  amplitude  may  be  of  most  significance  in  many  cases.  Depending  on 
which  theory  is  applied,  the  ronlineor  harmonics  may  or  may  not  be  important  to  the 
cumulative  load  occurrences. 

The  comparison  with  Flight  Test  data,  shown  in  Appendix  K,  gives  odded  encour¬ 
agement  that  the  methods  of  analysis  developed  in  this  investigation  will  yield  valid 
predictions  of  aircraft  loads. 


ASD  TR  61-177 


48 


SECTION  V 


CONCLUSIONS 

Nonlinear  and  linearized  alighting  gear  systems  of  odvanced  flight  vehicles  have 
been  studied  by  mathematical  and  automatic  computer  techniques  with  the  objective  of 
determining  methods  of  dynamic  analysis.  Repeated  loads  for  ground  operotions  of  aero¬ 
space  vehicles  are  of  primary  interest;  and  the  development  of  simplified  procedures, 
where  accurocy  permits,  have  been  emphasized. 

The  principal  conclusions  of  a  general  rwture  may  be  summarized  as  follows: 

(1)  The  direct  dynamic  analysis,  using  full  nonlinear  properties  of  shock 
struts,  structural  flexibility  arxJ  a  known  runway  profile,  constitutes 

a  useful  and  valid  technique  for  the  prediction  of  repeated  loads  during 
ground  operations.  Most  organizations  in  the  aero-space  field  possess 
analog  equipment  similar  to  that  utilized  herein,  and  application  of 
the  special  circuits  and  techniques  developed  as  a  part  of  this  research 
enables  the  determination  of  transfer  functions  for  taxiing.  The  only 
remaining  task  is  to  select  standardized  runway  spectra  for  application 
to  design. 

(2)  Repeated  loads  derived  from  the  direct  anolysis  are  more  accurate,  in 
that  the  frequency  density  distributions  are  non-Gaussian  in  nature; 
arxl  they  apparently  are  an  order  of  magnitude  higher  in  rate  of  occur¬ 
rences,  due  to  nonlinear  harmonic  generation. 

(3)  A  detailed  analysis  of  the  nonlinear  system,  subjected  to  a  cosin- 
usoidally  varying  forcing  function,  indicates  that  the  principal  non¬ 
linear  characteristic  of  the  solutions  is  the  nonlinear  ultra-harmonic 
content.  However,  these  harmonics  usually  contribute  less  than  about 
20  percent  of  the  principal  amplitude  of  response,  indicating  that 
linearization  can  be  expected  to  yield  reasonable  results. 

(4)  Closed  form  analytical  solutions  obtained  by  perturbation  methods 
applied  to  simplified  nonlinear  systems  verify  the  order  of  magnitude 
of  nonlinear  effects  as  predicted  by  the  more  complete  nonlinear 
harmonic  analysis. 

(5)  Equivalent  energy  requirements  are  established  which  eroble  equiv¬ 
alent  linearization  of  the  nonlinear  system. 

(6)  A  closed  form  arralytical  solution  of  the  linear  system  is  derived, 
assuming  a  slight  simplification,  and  the  results  agree  very  well 
with  a  more  accurate  representation  on  an  analog  computer. 
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(7)  The  linearized  results  in  the  form  of  tronsfer  functions,  power  spectral 
densities,  and  cumulative  load  occurrences  are  generally  in  good 
agreement  with  corresponding  results  from  the  nonlir>ear  analysis, 
provided  certoin  nonlinear  system  effects  are  considered.  In  partic¬ 
ular,  the  ultra-  and  subharmonic  frequencies  which  oppeor  in  the 
rwnlineor  solutions  can  be  used  to  predict  an  amplificatian  factor 
which  should  be  applied  to  load  occurrences  obtained  from  o  power 
spectrum  through  the  Gaussian  assumptian. 

(8)  Comparison  of  the  analytical  results  with  preliminary  flight  test 
data  indicates  relatively  good  agreement. 

Some  additional  problems  resulting  from  the  nonlinear  system  harmonics  ore  discuss¬ 
ed,  and  odditional  research  and  development  is  recommended  an  the  following  page  to 
clarify  these  details  from  related  technical  fields. 
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SECTION  VI 


RECOMMENDATIONS 


In  view  of  the  results  of  this  investigation,  the  following  recommendations  should 
be  considered  for  future  research. 

(1)  A  synthesis  of  the  large  amounts  of  terrain  roughness  dato  presently 
available  through  efforts  of  WADD,  AGARD,  and  NASA  should  be 
attempted,  so  as  to  develop  an  optimum  roughness  spectra  for  design 
analysis.  It  should  be  remembered  thot  a  rough  runway  is  not  neces¬ 
sarily  conservative,  because  of  the  rsonlinearites  present  in  the  system. 
Subsequently,  the  possibility  of  generating  this  syntlxjsized  spectrum 
with  a  "shaped"  white  noise  generator  for  use  in  a  direct  dyrramic 
analysis  should  be  investigofed. 

(2)  The  possible  existence  of  a  closed-form  arxilytical  solution  for  the 
nonlinear  system.  Including  structural  flexibility  and  a  steady-state 
forcing  function,  should  be  Investigated. 

(3)  The  general  validity  of  statistical  load  occurrence  formulae  presently 
in  common  use  throughout  the  Industry  should  be  examined,  partic¬ 
ularly  as  they  are  used  for  nonlinear  systems.  The  techniques  of 
engineering  cybernetics  as  applied  to  closed  loop  servomechanisms, 
and  control  systems  of  aero-space  craft,  may  bo  markedly  effected 
by  the  results  of  such  an  investigation. 

(4)  Further  comparisons  of  arxilysis  and  flight  test  data  sliould  be  made 
as  more  data  become  available. 
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CIRCULAR  FREQUENCY,  UJ 


ASD 


FIGURE  5  :  Typical  Nonlinear  Frequency  Response  Variation  For 
Single  Degree  of  Freedom  Analysis 
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System,  Spring 


FIGURE  7  :  Transient  and  Steody  Stofe  Response  of  Nonlinear  System  fo  Hormonic 
Excitation  at  f  =  .  50  Cycles  Per  Second. 
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(B«r«aing  Neor  Outboard  Nocelle 


FIGURE  8  Tronsienf  and  Steady  State  Response  Of  Nonlinear  System  to  Harmonic 
Excitation  at  f  :  1 .0  Cycles  Per  Second. 


ASD  TR  61-177 


55 


Bending  Near  Outboard  Nacelle 
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FIGURE  9  Transient  ond  Steady  State  Response  of  Nonlineor  System  to  Hormonic  Excitation 
ot  f  r  1 . 25  Cycles  Per  Second. 
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FIGURE  10  :  Transient  and  Steady  State  Response  of  Nonlinear 
System  to  Harmonic  Excitation  at  f  =  1.7  Cycles 
Per  Second. 
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Tonion  Near  Outboard  Nacelle 


10  LBS 


Time  to  Steady  State:  22.5  Sec 
Input  Amplitude:  3  inches  peak  to  peak 
=  55  fps 


FIGURE  12  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  .5  cps 


Time  to  Steady  State:  22.75  Sec 
Input  Amplitude:  1 .5  inches  peak  to  peak 
V|^  z  55  fps 


FIGURE  13  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  1,0  cps 
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Time  to  Steady  State:  17.5  Sec 

Input  Amplitude:  1.5  inches  peak  to  peak 

Vj^  =  55  fps 


FIGURE  14  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  1 .25  cps 


Time  to  Steady  State:  13.0  Sec 

Input  Amplitude:  1 .5  inches  peak  to  peak 

V|^  =  55  fps 


FIGURE  15  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  1 .5  cps 
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id y  State:  8.75  Sec 

ude:  1 .5  Inches  peak  to  peak 


FIGURE  16 


Steady  State  Response  Time  History 
for  the  Nonlir>ear  System  Tire  Force 
Driving  Frequency:  1 .70  cps 


Time  to  Steady  State:  21.6  Sec 

Input  Amplitude:  1 .5  inches  peak  to  peak 

Vu  =  55  fps 


FIGURE  17  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  2.0  cps 
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Time  fo  Steady  State:  22.0  Sec 

Input  Amplitude:  1.5  inches  peak  to  peak 

Vu  :  55  fps 


FIGURE  18  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  3.3  cps 
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FIGURE  19  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Tire  Force 
Driving  Frequency:  5.0  cps 


Time  to  Steady  State:  11.5  Sec 

Input  Amplitude:  1 .5  inches  peak  to  peak 

Vj^  =  55  fps 


2  Seconds 
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Time  fo  Steody  State:  17.5  Sec 
Input  Amplitude:  1 .5  inches  peak  ta  peak 
=  55  fps 
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FIGURE  22  :  Steady  State  Respanse  Time  Histary 
far  the  Nani  inear  System  Wing 
Roat  Bending  Mament 
Driving  Frequency:  1 . 25  cps 


Time  ta  Steady  Stote;  13.0  Sec 

Input  Amplitude:  1 .5  inches  peak  ta  peak 

Vh  =  55  fps 


to 
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FIGURE  23  :  Steady  State  Respanse  Time  Histary 
far  the  Nonlinear  System  Wing 
Root  Bending  Moment 
Driving  Frequency:  1 .5  cps 
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FIGURE  24  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Root  Bending  Moment 
Driving  Frequency:  1.70  cps 


Time  to  Steady  State:  21  .6  Sec 
Input  Amplitude:  1 .5  inches  peak  to  peak 
=  55  fps 


FIGURE  25  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Root  Bending  Moment 
Driving  Frequency:  2.0  cps 
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IN-LBS  IN-LBS 


Time  to  Steady  State;  22.0  Sec 

Input  Amplitude:  1 .5  inches  peak  to  peak 

Vu  =  55  fps 


FIGURE  26  :  Steady  State  Response  Time  History 
foi  tl»e  Nonlinear  System  Wing 
Root  Bending  Moment 
Driving  Frequency:  3.3  cps 


Time  to  Steady  State:  11.5  Sec 

Input  Amplitude:  1  .5  inches  peak  to  peak 

Vu  =  55  fps 


FIGURE  27  :  Steady  State  Response  T  Ime  History 
for  the  Nonlinear  System  Wing 
Root  Bending  Moment 
Driving  Frequency:  5.0  cps 
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Time  to  Sfeody  State:  1.75  Sec 

Input  Amplitude:  1.5  Inches  peak  to  peak 

V|^  :  55  fps 


FIGURE  30  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Torsion  Moment  at  Outboard  Nacelle 
Driving  Frequency:  1 .25  cps 


Time  to  Steady  State:  13.0  Sec 

Input  Amplitude:  1 .5  Inches  peak  to  peak 

V|q  =  55  fps 


FIGURE  31  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Torsion  Moment  at  Outboard  Nacelle 
Driving  Frequency:  1 .5  cps 


ASD  TR  61-177 


68 


Time  to  Steady  State:  8.75  Sec 
Input  Amplitude:  1 .5  inches  peak  to  peak 
:  55  fps 


FIGURE  32  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Torsion  Moment  at  Outboard  Nacelle 
Driving  Frequency:  1 .70  cps 


Time  to  Steady  State:  21.6  Sec 

Input  Amplitude:  1.5  inches  peak  to  peak 

V|^  :  55  fps 


FIGURE  33  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Torsion  Moment  at  Outboard  Nacelle 
Driving  Frequency:  2.0  cps 
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Time  to  Steady  State:  22.0  Sec 

Input  Amplitude:  1 .5  inches  peak  to  peak 

Vpi  z  55  fps 


FIGURE  34  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Torsion  Moment  at  Outboard  Nacelle 
Driving  Frequency:  3.3  cps 


Time  to  Steady  State:  11.5  Sec 

Input  Amplitude:  1 .5  inches  peak  to  peak 


FIGURE  35  :  Steady  State  Response  Time  History 
for  the  Nonlinear  System  Wing 
Torsion  Moment  at  Outboard  Nacelle 
Driving  Frequency:  5.0  cps 
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Driving  Frequency  =  1.70  cps 
Driving  Amplitude  ;  1.5"  p-p 
:  44  ft/sec 


FIGURE  36  : 


Time  History  of  a  Periodic  Segment  of  the  Nonlinear  System  Tire  Force 
Response  to  Harmonic  Excitation 
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FIGURE  37:  Study  of  Energy  Clwnge  in  Nonlinear  System  due  to  Harmonic 
Excitation,  f  =  1 .7  Cycles  Per  Second 
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As,  INCREMENTAL  STRUT  STROKE  -  IN 


FIGURE  38:  Phase  Plane  Study  of  Strut  Force 
Versus  Strut  Stroke 
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=  14.10  lb  -  sec‘/;n: 


=  44  ft/sec 


T.P.  =  90p.s.i. 


INCREMENTAL  STRUT  STROKE,  As 


FIGURE  39  :  Phase  -  Plane  Study  of  Energy  Absorption 
in  the  Strut 
Nominal  f  .  9  c  .p .s . 
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INCREMENTAL  STRUT  DAMPING  FORCE,  A  F 


Cj^  14. 10  lb  -  sec  /'In. 

V|^  -  44  ft  sec 

T.P.  90p.s.i. 

E  17,040  in.  lbs.  Energy  Absorption  per  Cycle 


FIGURE  40  :  Phase  -  Plane  Study  of  Energy  Absorption 
In  the  Strut 

Nominal  f  ==  1.6/  c.p.s. 


ASD  TR  61-177 


75 


Cq  -  14.  10  lb  -  sec^/in? 
^  44  ft/sec 


T.P.  =  90p.s.i. 


FIGURE  42  ;  Phase  -  Plane  Study  of  Energy  Absorption  in  the  Strut 
Nominal  f  2 . 25  c .p .s . 
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FIGURE  43  : 
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lb  -  sec 


INCREMENTAL  STRUT  STROKE,  As 

Phase  -  Plane  Study  of  Energy  Absorption  In  the  Strut 
Nominal  f  3.5  c  .p  .s. 
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STRUT  STROKE,  s  ,  INCHES 


Tire  Force,  Stotic 
(Single  Geor) 

S  --  =  22  Ip, 

O  ~  fps 

Nonlineor; 

5.2  X  lO^'C  <  4.  1  X  10^  Ibi, 


Linear  =  6,193  Lbs/In 


Shaded  Area  Gives 
Equivalent  Spring  Energ 


I  I  '  I 

Deflection  Intercept  -  lJ6  Inches 


Force  Intercept  -  9792  lbs 


TIRE  DEFLECTION,  INCHES 


FIGURE  45  :  A/bin  Gear  T  ire  Deflection  vs.  Tire  Force 
Tire  Pressure  60  p .  s .  i . 
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TIRE  FORCE,  LBS 


Tire  Force,  Static  (Single  Gear); 
0  @  Vh  =  22  fp5 
0  :  88  fps 


0  4  8  12  16 


FIGURE  46  :  Main  Gear  Tire  Deflection  versus  Tire 
Force  Tire  Pressure  =  90  PS  I 
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Tire  Force  Static  (Single  Gear) 

B  Vh  :  22  fps 

0  Vh  :  88  fps 


FIGURE  47  :  Main  Gear  Tire  Deflection 
vs.  Tire  Force 

Tire  Pressure  =  120  p  .s .  i . 
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Strut  Air  Compression  Force  versus  Stroke,  Nose  Gear 


FIGURE  49  :  Nose  Gear  T  ire  Deflection  Versus  Tire  Force 

Tire  Pressure  60  p.s.i , 
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SYSTEM  DAMPING  RATIO  SYSTEM  DAMPING  RATIO 


0  22  44  66  88 

SPEED  FT/5EC 

FIGURE  52  :  Variation  of  Damping  Ratio  With  Speed  for  Any  Tire 
Pressure  f  z  .95  cps  Nominal  Peak  Frequency  and 
for  a  Strut  Damper  of  D  z  185  Lb-Sec/|n. 
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psi, 

^peak 

1.72 
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90 

psi, 

^peak 
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60 
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peak 
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FIGURE  53  :  Variation  of  Damping  Ratio  With  Speed  for  Several  Ti 
Pressures  at  an  Average  Peak  Frequency  of  f  z  1,65 
cps  and  for  a  Strut  Damper  of  D  z  185  Lb-Sec/ln, 
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POWER  SPECTRAL  DENSITY,  Qc  —  LBVRAD/SEC 


CYCLES  PER  SECOND 


FIGURE  60  :  Power  Spectrum  of  Vertical  Tire  Force  for  the  Normal  Configuration 

(Single  Gear) 
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POWER  SPECTRAL  DENSITY,  (fp  --  LB^  RAD/SEC 


FIGURE  61  :  Power  Spectrum  of  Vertical  Tire  Force  for  the  Normal  Configuration 

(Single  Gear) 
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POWER  SPECTRAL  DENSITY,  (fp  ~  LbVrAD/SEC 


I 


TAXI  SPEEDS: 

■  Vpi  =  66  Fl/Sec 


CYCLES  PER  SECOND 

FIGURE  62  :  Power  Spectrum  of  Strut  Vertical  Force  for  the  Normal  Configuration 

(Single  Gear) 
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PROBABILITY 


- ;  22  Ft/5ec 

—  —  —  —  — V|^  ■  44  Ff/Sec 

- Vh  r  66  FrAec 
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INCREMENTAL  TIRE  FORCE,  A  Ft3,  LBS  X  lO"^ 


FIGURE  64  ;  Cumulative  Probability  of  the  Nonlinear  System  for  Vertical 
Force  on  Rear  Main  Gear 
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AVERAGE  OCCURRENCES  PER  SECOND 


AVERAGE  OCCURRENCES  PER  SECOND 


In/Sec^ 

- Vu  =  22  Ft/Sec  36.8 

— — “Vj^  z  ^  Ft/Sec  49.2 

- Vh  :  66Ff/Sec  60.7 

- z  88  Ft/Sec  64.1 


FIGURE  67  :  Occurrences  For, AZf,  Airplane  Center  of  Gravity  Vertical 
Acceleration 
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FIGURE  68  :  Cumulative  Probability  of  the  Nonlinear  System  for  Vertical 
Acceleration  at  the  Center  of  Gravity 


AVERAGE  OCCURRENCES  PER  SECOND 


^  In-Lbs 


INCREMENTAL  WING  ROOT  BENDING  MOMENT, (IN-LB)X10-6 


FIGURE  69  :  Occurrences  For, aM^]  ,  Incremenfal  Wing  Bending  Moments 
at  Nominal  Wing  Root  Station 
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FIGURE  70  :  Cumulative  Probability  of  the  Nonlinear  System  for  Wing 
Bending  Moment  at  Nominal  Wing  Root  Station 
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^  In- Lbs 

- Vh  =  22Ft/5ec  .074  X  10^ 

- Vh  r  44  Ft/Sec  .  103  X  10^ 


- Vh  =  66  Ft/Sec  .120  X  10<^ 

- V.,  -  88  FfA  MO  V  in6 
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WING  TORSION  MOMENT  INBOARD  OF  OUTBOARD  NACELLE  (IN-LB)X10’6 


FIGURE  71  :  Occurrences  For, AM  Incremental  Wing  Torsion  Moments 

Inboard  of  Outboard  Nacelle  (+Nose  Down) 
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INCREMENTAL  AM  WING  TORSION  MOMENT  INBOARD  OF  OUTBOARD 
NACELLE  IN-LB  X 

FIGURE  72  :  Cumulative  Probability  of  the  Nonlinear  System  for  Wing 

Torsion  Moments  Inboard  of  Outboard  Nacelle  (  +  Nose  Down) 
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AVERAGE  OCCURRENCES  PER  SECOND 


- —  -  66  FfA«c 


FIGURE  73  :  Occurrences  For,  A F^,  Incremental  Tire  Vertical  Force 
(Single  Gear) 
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TRANSFER  FUNCTION  -  T  FOR  Zr  ~  INAECVFT 


Tire  Pressure  :  90  psi 
D  =  185  Lb-Sec/In 

ANALYSIS  METHODS  AND  TAXI  SPEED: 


- Lirwor  Hormonic  -  Vj^  :  55  Ff/Sec 


FIGURE  75  :  Comparison  of  Transfer  Funcfions  by  Linear  Harmonic  and  Powe 
Spectral  Density  Methods  for  Vertical  Acceleration  of  Airplane 
Center  of  Gravity 

Single  Gear  Analysis  for  Normal  Configuration 
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Tire  Pressure  =  90  psi 
Dr  185  Lb-Sec/ln 


ANALYSIS  METHODS  AND  TAXI  SPEEDS; 

- Lir>ear  Harmonic  -  =  55  Ft/5ec 

- Nonlinear  PSD  -  Vj^  r  66  Ft/^ec 


FIGURE  76  :  Comparison  of  Transfer  Functions  by  Linear  Harmonic  and 
Spectral  Density  Methods  for  Wing  Root  Bending  Moment 

Single  Gear  Analysis  for  Normal  Configuration 


TRANSFER  function!  ~  I  T  I  FOR  M  ^  q  --  IN-LB/FT 


Tire  Pressure  :  90  psi 
Dr  185  Lb-Sec/ln 


ANALYSIS  METHODS  AND  TAXI  SPEED; 


FIGURE  77  :  Comparison  of  Transfer  Functions  by  the  Linear  Harmonic  and 
Power  Spectral  Density  Methods  for  Wing  Torsion  Moment 
Inboard  of  Outboard  Nacelle 

Single  Gear  Analysis  for  Normal  Configuration 
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Tire  Pressure  =  90  psi 
V|^  I  88  fps 


ANALYSIS  METHODS; 

- Linear  Harmonic  -  D  =  185  Lb-Sec/ln 


•Nonlinear  PSD  - 


14.1  Lb-Sec  Vln^ 
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CYCLES  PER  SECOND 


FIGURE  78  : 


Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 
Spectral  Density  Methods  for  Landing  Gear  Tire  Force 


Single  Gear  Analysis  for  Normal  Configuration 


■  1 


POWER  SPECTRAL  DENSITY,  (pp  —  LB^  RADAEC 


POWER  SPECTRAL  DENSITY,  (p^  ~  (IN-LB)^/RAD/SEC 


Tire  Pressure  =  90  psi 
=  55  fps 

D  :  185  Lb-Sec/In 

LINEAR  HARMONIC  METHOD; 

—  . . In  Phase 

- - Out  of  Phase 
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CYCLES  PER  SECOND 


FIGURE  81  :  Comparison  of  Transfer  Functions  for  the  Linear  Harmonic  System 
with  Nose  Gear  In  and  Out  of  Phase  with  Main  Gear  for  Wing 
Torsion  Moment  Inboard  of  Outboard  Nacelle 

Multi-Gear  Analysis 
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Tire  Pressure  r  90  psi 
=  88  fps 

D  I  185  Lb-Sec/ln 


TRANSFER  FUNCTIOnI  ~  |  T  |  FOR  M  ^  -  IN-LB/^T 


Tire  Pressure  =  90  psi 
V|^  =  88  fps 
Dr  185  Lb-Sec/ln 

LINEAR  HARMONIC  METHOD: 
- In  Phose 


CYCLES  PER  SECOND 

FIGURE  83  :  Comparison  of  Transfer  Functions  for  the  Linear  Harmonic  System 
with  Nose  Gear  In  and  Out  of  Phase  with  Main  Gear  for  Wing 
Torsion  Moment  Inboard  of  Outboard  Nacelle 

Multi-Gear  Analysis 
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Tire  Pressure  *  90  psi 
Vh  =  88  FtAec 

Nose  Gear  in  Phose  wifh  Main  Gear 


0  1  2  3  4  5  6 

CYCLES  PER  SECOND 


FIGURE  84  :  Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 
Spectral  Density  Methods  for  Rear  Main  Landing  Gear  Tire  Forces 

Multi-Gear  Analysis 
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Tire  Pressure  r  90  psi 
Vh  *  88  FPS 

Nose  Gear  in  Phase  with  Main  Gear 


ANALYSIS  METHODS: 


CYCLES  PER  SECOND 

FIGURE  85  ;  Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 
Spectral  Density  Methods  for  Vertical  Acceleration  at  the 
Airplane  Center  of  Gravity 

Multi-Gear  Analysis 
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TRANSFER  FUNCTION  -  T  FOR  M^]/q  -  IN-LB/lFT 


Tire  Pressure  r  90  psi 
Vh  :  88  FPS 

Nose  Geor  in  Pfxjse  with  Moin  Geor 


0  12  3  4  5  6 

CYCLES  PER  SECOND 

FIGURE  86  :  Comparison  of  Transfer  Function  by  Linear  Harmonic  and  Power 
Spectral  Density  Methods  for  Wing  Root  Bending  Moment 

Multi-Gear  Analysis 
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Tire  Pressure  s  90  psi 
Vu  =  88  fps 

Nose  Gear  in  Phosc  with  Main  Gear 


ANALYSIS  METHODS: 


CYCLES  PER  SECOND 

FIGURE  87  :  Comparison  of  Transfer  Functions  by  Linear  Harmonic  and  Power 
Spectral  Density  Methods  for  Wing  Torsion  Moment  Inboard  of 
Outboard  Nacelle 

Multi-Gear  Analysis 
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Lineor  Hormonic  f  =  0.95  cps 
Nonlineor  PSD  f  =  0.95  cps 
Linear  Harmonic  f  =  1.65  cps 


Nonlineor  PSD  f  *  1.65  cps 


TIRE  PRESSURE  --  PSI 


Figure  88:  Comparison  of  Nonlinear  and  Linearized  Transfer 
Function  Peaks  for  Main  Gear  Tire  Force 

Multi-Gear  Analysis 
V|_|  =  88  fps 
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Multi-Gear  Arxilysis 
=  88  fps 

LINEAR  HARMONIC:  NONLINEAR  PSD: 


- - f  =  0.95  cps  - f  :  0.95  cps 

- f  :  1.65  cps  - f  :  1.65  cps 


60  90  1  20 

TIRE  PRESSURE  PSI 


FIGURE  89  :  Comparison  of  Nonlinear  and  Linearized  Transfer 
Function  Peaks  for  Vertical  Acceleration  of  the 
Center  of  Gravity 


ASD  TR  61-177 


123 


TIRE  PRESSURE  'v.  PS| 


FIGURE  90 


Com^rison  of  Nonlinear  and  Linearized  Tronsfer 


10  (LBAl) 


ANALYSIS  CONDITIONS: 


FIGURE  91  :  Variation  Of  Linearized  Spring  Constant  Versus 
Tire  Pressure 


TIRE  PRESSURE  PSI 

FIGURE  92  :  Ratio  Of  Transfer  Function  Peak  For  Tire  Force 
Over  Linearized  Spring  Constant  Versus  Tire 
Pressure  Variations 
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[transfer  FUNCTION  PEAKS  |  j  TRANSFER  FUNCTION  PEAKS  | 

I  T  I  FOR  Mxl/q- IN- LBS/FT  |t|  FOR  F^3/q-LBS/FT 


Tire  Pressure  z  90  psi 

ANALYSIS  METHODS: 

Linear  Harfnonic  -  D  z  185  Lb-Sec/ln 
— — — f  r  0.95  cps 

- f  z  1 .65  cps 

Nonlinear  PSD  -  Cq  z  14.1  Lb-SecVln^ 
- f  r  0.95  cps 


FIGURE  93  :  Comparison  of  Nonlinear  and  Linearized  Tire  Force 
Transfer  Functions  for  Variations  with  Velocity 

Single  Gear  Analysis  for  Peaks  at  f  z  0.95  cps  and 
f  =  1.65  cps 


Tire  Pressure  z  90  psi 


ANALYSIS  METHODS; 

- Linear  Harmonic  -  D  z  185  Lb-Sec/[n 

- Nonlinear  PSD  "  z  14.1  Lb-SecVln^ 


FIGURE  94  :  Comparison  of  Nonlinear  and  Linearized  Wing  Root 
Bending  Moment  Transfer  Functions  for  Variations 
with  Velocity 

Single  Gear  Analysis  for  Peaks  at  f  z  0.95  cps 
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ItRANSFER  FUNCTION  PEAKS|-.|t  I  FOR  V.-INAEcVfT 


Tire  Pressure  :  90  psi 

ANALYSIS  METHODS: 

Lineor  Harmonic  -  D  :  185  Lb-Sec/ln 
T  r  0.95  cps 
f  z  1.65  cps 

NonlineorPSO  -  Co  :  U.l  Lb-Sec^/ln? 
T  s  0.95  cps 
T  =  1.65  cps 


TAXI  VELOCITY  FT/SEC 


figure  95:  Comparison  of  Nonlinear  and  Linearized  Center-of- 

Gravity  Vertical  Acceleration  Transfer  Functions 
for  VarlaMons  wifh  Velocity 

Single  Gear  Analysis  for  Peaks  at  f  r  0.95  cps  and 
f  =  1.65  cps 
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Tire  Pressure  :  90  psi 

analysis  METHODS: 

Lineor  Hormonlc  -  D  =  185  Lb-Scc/|n 
“  f  z  0.95  cps 
”  f  z  1.65  cps 

f  r  3.4  cps 

Nonlin«orPSD  -  Cp  r  14.1  Lb-Sec2/ln2 


FIGURE  96  ; 


TAXI  VELOCITY  ~  FT/SEC 

Comparison  of  Nonlinear  and  Linearized  Winq  Torsion 
Moment  Transfer  Functions  Near  Outboard  Nacelle 
for  Variations  with  Velocity 

Single  Gear  Analysis  for  Peaks  at  f  =  0  95  cd^ 
f  =  1.65  cps  and  f  =  3.4  cps  ^ 
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Tire  Pressure  z  90  psi 
:  88  Ff/Sec 


ANALYSIS  METHODS: 
Nonlinear  PSD; 

O  Multi-Geor 
0  Single  Gear 
- (Extrapolated) 


Linear  Harmonic: 
□  Single  Gear 
V  Multi-Gear 


0  100  200  XO 

D~  LB-SEC/IN 


FIGURE  97:  Variation  of  Transfer  Function  Peak  with  Damping  of 
the  Linear  and  Nonlinear  Systems  for  Rear  Main 
Landing  Gear  Tire  Force,  F^^ 


f  I  0.93  cps 
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TRANSFER  FUNCTION |  ~  |  T  |  FOR  F^^  --  LB,>^T 


Tire  Pressure  =  90  psi 

:  88  Fr/Sec 
n 

ANALYSIS  METHODS: 

Nonlinear  PSD:  Lineor  Harmonic: 

O  MulH-Geor  0  Single  Gear 


0  5  10  15  20  25 

LB-SEC  VlN^ 

I _ I _ I _ I _ \ _ I _ \ _ 

0  100  200  300 

D  ~  LB-SEC/1  N 


FIGURE  98:  Variation  of  Transfer  Function  Peak  with  Damping  of 
the  Linear  and  Nonlinear  Systems  for  Rear  Main 
Landing  Gear  Tire  Force,  F^^ 

f  =  1 . 65  c  ps 


130 


ASD  TR  61-177 


ItRANSFER  function]  ~  I  T  I  FOR  F  ~  LB/tT 


Tire  Pressure  =  90  psi 
*  88  Ff/Sec 


ANALYSIS  METHODS: 


D~  LB-SEC/IN 


FIGURE  99:  Vanafion  of  Transfer  Function  Peak  with  Damping  of 

the  Linear  and  Nonlinear  Systems  for  Rear  Main 

Landing  Gear  Tire  Force,  F  „ 

r  0 

f  =  3.5  cps 
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TRANSFER  FUNCTION |  ~  |  T  |  FOR  IN/SECVFT 


Tire  Pressure  z  90  psi 
=  88  Fr/5ec 

ANALYSIS  METHODS: 

Nonlinear  PSD:  Linear  Harmonic: 

OMulH-Gear  0  Single  Gear 

^Single  Gear  V  MulH-Gear 

4  - (Extrapolated) 
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FIGURE  100:  Variation  of  Transfer  Function  Peak  with  Damping  of 
the  Linear  and  Nonlinear  Systems  for  Center  of 
Gravity  Acceleration, 

f  =  0.95  cps 
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Tire  Pressure  =  90  psi 
=  88  Ff/Sec 


ANALYSIS  METHODS; 


FIGURE  101: 


Variation  of  Transfer  Function  Peak  with  Damping  of 
the  Linear  and  Nonlinear  Systems  for  Center  of 
Gravity  Acceleration, 

f  =  1 . 65  c  ps 
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Tire  Pressure  :  90  psi 
Vl,  =  88  Ff/Sec 

n 

ANALYSIS  METHODS: 

Nonlinear  PSD:  Linear  Harmonic: 


OMulfi-Gear  0  Single  Geor 


^  -  *  ■  * 

0  1 00  200  300 

D  -  LB-SEC/IN 


FIGURE  102:  Variation  of  Transfer  Function  Peak  with  Damping  of 
the  Linear  and  Nonlinear  Systems  for  Center  of 
Gravity  Acceleration, 

f  r  3.5  cps 
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TRANSFER  function!  ~  T  FOR  M  ,  ~  LB-IN/FT 

'  X  I 


Tire  Pressure  =  90  psi 
=  88  Ft/Sec 

ANALYSIS  METHODS: 


Nonlirtear  PSD:  Lir»ear  Hormonic: 

OMulti-Geor  □  Single  Gear 


0  5  10  1  5  20  25 

Cj^~lb-secVin^ 

I _ 1 _  ,J _ I _ I _ I _ I - 

0  100  200  300 

D~  LB-SEC/IN 


FIGURE  103:  Variation  of  Transfer  Function  Peak  with  Damping  of 
the  Linear  and  Nonlinear  Systems  for  Wing  Root 
Bending  Moment,  M  | 

f  I  0.93  cps 
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TRANSFER  FUNCTION  T  |  FOR  M  ~  LB-IN/FT 


Tire  Pressure  =  90  psi 
=  88  Ff/Sec 


ANALYSIS  METHODS: 

Nonlinear  PSD:  Linear  Harmonic: 

OMulfi“Gear  Q  Single  Gear 

^Single  Gear  V  Multi-Gear 


t  _ I _ >  I _ _ _ L_ 

0  .100  200  300 
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FIGURE  104:  Variation  of  Transfer  Function  Peak  with  Damping  of 

the  Linear  and  Nonlinear  Systems  for  Wing  Root 

Bending  Moment,  M  , 
xl 

f  z  3.5  cps 
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Tire  Pressure  90  psi 

=  88  FfAec 
n 

ANALYSIS  METHODS: 

Nonlir»car  PSD: 

Linear  Harmonic: 

0  Multi-Gear 

□  Single  Gear 

^Single  Gear 
- (Extrapolated) 

V  Multi-Gear 

LB-SEC  /IN 


200 

D- LB-SEC/IN 


FIGURE  105:  Variation  of  Transfer  Function  Peak  with  Damping  of 

the  Linear  and  Nonlinear  Systems  for  Wing  Torsion 

Moment  Inborad  of  Outboard  Nacelle,  M  , 

y6 

f  =  0.95  cps 
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Tire  Pressure  90  psi 

=  88  FtAec 
n 


ANALYSIS  METHODS: 

NonlirMKjr  PSD:  Linear  Harmonic 

O  Multi-Gear  □  Single  Gear 

^Single  Gear  V  Multi-Gear 


LB-SEcVlN^ 
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FIGURE  106:  Variation  of  Transfer  Function  Peak  with  Damping  of 

the  Linear  and  Nonlinear  Systems  for  Wing  Torsion 

Moment  inboard  of  Outboard  Nacelle,  M  , 

y6 

f  =  3.5  cps 
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Tire  Pressure  :  90  psi 
:  83  fps 

Nonlinear  PSD  Methods 

Cq  :  14.1  Lb-SecVln^ 

ANALYSIS  METHODS: 

— —  -  Single  Geor  -  F 

- Multi-Gear  -  F 

^  Multi-Gear  -  F 


CYCLES  PER  SECOND 


FIGURE  107  :  Comparison  Between  Transfer  Functions  for  Single  and 

Multi-Gear  Analyses  of  the  Nonlinear  System  Tire  Force 
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POWER  SPECTRAL  DENSITY,  Op,',  LB^/'RAD/^EC 


FIGURE  108  :  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 

Power  Spectral  Density  Methods  for  the  Rear  Main  Gear  Tire  Force 

Multi -Gear  Analysis 
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POWER  SPECTRAL  DENSITY,  $Zr  --  (IN/SEc2)2/raD/SEC 


CYCLES  PER  SECOND 

FIGURE  109  :  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 
Power  Spectral  Density  Methods  for  Vertical  Acceleration  of 
the  Airplane  Center  of  Gravity 

Multi-Gear  Analysis 
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FIGURE  110  : 


i 
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CYCLES  PER  SECOND 


Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 
Power  Spectral  Density  Methods  for  Wing  Root  Bending  Moment 

Multi-Gear  Analysis 
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POWER  SPECTRAL  DENSITY.  $M  a  (IN-LB)VrAD/SEC 


Tire  Pressure  z  90  psi 
r  88  fps 

Nose  Gear  in  Phose  with  Main  Gear 


CYCLES  PER  SECOND 


FIGURE  111  :  Comparison  of  Output  Power  Spectra  from  Linear  Harmonic  and 
Pov/er  Spectral  Density  Methods  for  Wing  Torsion  Moment 
Inboard  of  Outboard  Nacelle 

Multi-Gear  Analysis 
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Dr  185  Lb-Sec/ln 
Cq  ■  14. 1  Lb-Sec 

r  88  fps 

ANALYSIS  METHODS:  X  lO’^  Lbs 

- Nonlinear  (Gaussian  Fit  to  Direct  Sampling)  4.06 


-12  -8  -4  0  4  8  12 


TIRE  FORCE  X  10"^  LBS 

FIGURE  112  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  Incremental  Tire  Vertical  Force 
Rear  Main  Gear,  A  Ff3 

Multi  Gear  Analysis 
Tire  Pressure  =  60  psi 
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D  :  185  Lb- Sec/In 

Cq  :  14.1  Lb-Sec^/ln^ 

V^r  88  fps 
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ANALYSIS  METHODS: 

- Nonlineor  (Gaussian  Fit  to  Direct  Sampling) 

- Linear  (Gaussian) 

- Nonlinear  (Gaussian) 

. - Nonlinear  (Direct  Sompling) 

10  1—1 - 1 - 1— — 


<5  X  10*3  Lbs 
5.46 

4.45 
5.24 

5.46 


-12  -8 


-4  0  4  8  12 


TIRE  FORCE  Ft3  X  lO'^  LBS 


FIGURE  113  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  Incremental  Tire  Vertical  Force 
Rear  Main  Gear,  A  Ft3 

Multi  Gear  Analysis 
Tire  Pressure  =  90  psi 
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AVERAGE  OCCURRENCES  PER  SECOND 


D  =  185  Lb-Sec/In 

Cd=  14.1  Lb-SecVln^ 

V|^  r  88  fps 

ANALYSIS  METHODS;  X  lO'^  Lbs 

- Nonlinear  (Gaussian  Fit  to  Direct  Sampling)  5.22 

- Linear  (Gaussian)  4.32 

. - —Nonlinear  (Gaussian)  5.07 

10 


TIRE  FORCE  F^3  X  10  LBS 


FIGURE  114  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  Incremental  Tire  Vertical  Force 
Rear  Main  Gear,  A  F^^ 

Multi  Gear  Analysis 
Tire  Pressure  =  1 20  psi 
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AVERAGE  OCCURRE 


D  =  185  Lb-Sec/ln 

Cq  =  14.1  Lb-SecVlf'^ 

V}-|  I  88  fps 

ANALYSIS  METHODS: 

■  Nonlineor  (Gaussian  Fit  to  Direct  Sampling) 

- Linear  (Gaussian) 

— - - Nonlinear  (Gaussian) 


Q 

Z 

o  0 

U  10 


FIGURE 
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C.  G.  ACCELERATION,  Zf  X  10“^  IN/SEC^ 

Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  Center  of  Gravity  Acceleration,  Zf 

Multi  Gear  Analysis 
Tire  Pressure  =  60  psi 


AVERAGE  OCCURRENCES  PER  SECOND 


D  r  185  Lb-Sec/ln 

Cd  =  14.1  Lb-Sec 

V|^  z  88  fps 

ANALYSIS  METHODS:  O'  X  lO*’  INAEC^ 

- Nonlinear  (Gowslon  Fit  to  Direct  Sompling)  6.4 

- LirKJor  (Gaussian)  6.23 


C.  G.  ACCELERATION,  Zf  X  lO'^  IN/SEC^ 


FIGURE  1 16  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 

Linearized  Systems  for  Center  of  Gravity  Acceleration,  Zf 

Multi  Gear  Analysis 
Tire  Pressure  =  90  psi 
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AVERAGE  OCCURRENCES  PER  SECOND 


D  =  185  Lb-Sec/ln 

C[)  =  14.1  Lb-Sec 

V|^  :  88  fps 

ANALYSIS  METHODS:  CJ  X  lO’*  In/Sec^ 

- Nonlinear  (Gaussian  Fit  to  Direct  Sampling)  6.7 

- Linear  (Gaussian)  5.9 


C.  G.  ACCELERATION,  Zf  X  lO’^  IN/SEC^ 

FIGURE  117  :  Comparison  of  Load  Occurrences  for  the  Non! inear  and 

Linearized  Systems  for  Center  of  Gravity  Acceleration,  Zf 

Multi  Gear  Analysis 
Tire  Pressure  =  120  psi 
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AVERAGE  OCCURRENCES  PER  SECOND 


D  :  185  Lb-Sec/ln 

Co=  14.1  Lb-Sec2/ln2 
=  88  fps 


ANALYSIS  METHODS:  <5  X  lO'^  ln-Lb$ 


Nanlineor  (Gaussian  Fit  fa  Direct  Sampling)  1 .49 

Linear  (Gaussian)  1.13 


FIGURE  1 18  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  Incremental  Wing  Roof  Bending 
Moment;  A  M^j 

Multi  Gear  Analysis 
Tire  Pressure  =  60  psi 
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Dr  185  Lb-Sec  An 
Cq  r  14.1  Lb-Sec 
=  88  fps 


ANALYSIS  METHODS:  CJ*  X  lO'^  In-Lbs 


Nonllneor  (Gaussian  Fit  fo  Direct  Sampling)  1 .88 

Linear  (Gaussian)  2.06 


BENDING  MOMENT,  M^]  X  10'*^  IN-LBS 

FIGURE  119:  Comparison  of  Load  Occurrences  fo-  the  Nonlinear  and 
Linearized  Systems  for  Mj^],  Wing  Root  Bending  Moment 

Multi  Gear  Analysis 
Tire  Pressure  =  90  psi 
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AVERAGE  OCCURRENCES  PER  SECOND 


i 


D  z  185  Lb-Sec/h 
Cqz  14.1  Lb-SecVln^ 

Vh  :  88  fps 

ANALYSIS  METHODS:  CS  X  lO'^  In-Lbs 

- Nonlinear  (Gaussian  Fit  to  Direct  Sampling)  1 .59 

- —  Linear  (Gaussian)  1 ,04 


BENDING  MOMENT,  M^|  X  10"<^  IN-LBS 

FIGURE  120  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  M^]^  Wing  Root  Bending  Moment 

Multi  Gear  Analysis 
Tire  Pressure  z  120  psi 
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AVERAGE  OCCURRENCES  PER  SECOND 


D  =  185  Lb-Scc/tn 
Cq  =  14.1  Lb-Sec^/ln^ 
88fps 


ANALYSIS  METHODS:  <5  X  lO'^  In-Lbs 

- Nonlinear  (Gaussian  Fit  to  Direct  Sampling)  1 .34 

- Linear  (Gaussian)  .964 


-6  -4  -2  0  2  4  6 

WING  TORSION  MOMENT,  M  .  X  lO'^  IN-LBS 

y6 


FIGURE  121  ; 


Comparison  of  Load  Occurrences  for  the  Nonlinear  and 


Linearized  Systems  for 
Outboard  Nacelle 


Wing  Torsion  Inboard  of 


Multi  Gear  Analysis 
Tire  Pressure  =  60  psi 
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D  =  185  Lb-Sec/ln 
Cq  ■  14.1  Lb-SecVln^ 
=  88  fps 


ANALYSIS  METHODS: 

- Nonlinear  (Gaussian  Fit  to  Direct  Sampling) 

•Liriear  (Gaussian) 


<5  X  10"^  In-Lbs 


.42 

.964 


WING  TORSION  MOMENT, 


M  .  X  10 

y6 


-5 


IN- LBS 


FIGURE  122  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  My6,  Wing  Torsion  Inboard  of 
Outboard  Nacelle 

Multi  Gear  Analysis 
Tire  Pressure  =  90  psi 
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AVERAGE  OCCURRENCES  PER  SECOND 


0  :  185  Lb-Sec/In 

Cd=  14.1  Lb-Sec2/ln2 

s  88  fps 

ANALYSIS  METHODS;  C5  X  10“5 

———Nonlinear  (Gaussian  Fit  to  Direct  Sompling)  1 .74 


-6  -4  -2  0  2  4 


WING  TORSION  MOMENT,  M  ,  X  lO"^  IN-LBS 

y6 

FIGURE  123  :  Comparison  of  Load  Occurrences  for  the  Nonlinear  and 
Linearized  Systems  for  My^,  Wing  Torsion  Inboard  of 
Outboard  Nacelle 

Multi  Gear  Analysis 
Tire  Pressure  z  120  psi 
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CO 

I 
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FIGURE  124  :  Comparison  of  the  Equivalent  Linear  and  Nonlinear  Damping 

Force  Curves  for  the  Standard  Configuration 

D  z  185  Lb-Sec/ln 
Cq  =  14.1  Lb-Sec^ln^ 
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APPENDIX  A 

SUPPLEMENTARY  EQUATIONS 

This  cppendix  contains  equations  which  will  be  helpfu 
in  interpreting  the  differential  equations  in  the  text. 
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The  equofions  for  the  nef  model  deflection  for  coupled  bending  and  torsion  loods 
ore  os  follows: 


nq 


The  gerserollzed  moss  of  the  nth  mode  is  written  os: 

P  2 

M  :  /  m{y)  5  (y)  dy 


where: 


b/2  is  the  semi-span  of  the  wing  and  m{y)  is  the  sponwise  mass 
distribution. 

The  equation  for  the  generalized  modal  area  of  the  kth  mode  coupling  with  the 
nth  mode  for  aerodynamic  damping  is  given  by: 

u 


A 


kn 


(C 


C  )5. 

q  kq 


nq  ^^(q+1) 


where:  (Neglect  twist  in  5  for  Aj^  ) 

is  the  chord-length  at  the  qth  wing  panel . 

y^  is  the  wing  station  of  the  qth  wing  panel . 

u  is  the  total  number  of  wing  panels  used. 

The  Wagner  idicial  delay  in  lift  build-up  may  be  expressed  as  follows: 

-bt  -mt 

(1  -  (j)(t)  )  -  1  -  d^e  -  he 
(Values  used  may  be  found  in  Reference  17) 
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The  inertia  wing  loads  at  stotion  q  are  computed  os  follows: 
(neglects  steady  and  nonsteody  aerodynamic  loads). 

Bending  Moments: 


M 

xq 


B 

cr*q 


g 


Torsion  Moments: 


m 


n:  0 


Shears: 


m 


n  ;  0 

The  load  coefficients  are  defined  on  the  following  pages. 
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SHEAR  COEFFICIENTS 


For  Pitch: 


S 

coq 


For  Each  Mode: 


CO 


c2 


k  =  q 
u 


cl  - 


^k 


n  ®ik 


k  ;  q 


9"'k  *2k 


k  =  q 


(5^=1) 


c3 


n*3k 


k  :  q 

General  Form:  S 


cnq  ^  ''  k  nk 

k=  q 


n  =  0,  1,  2,  3 


where 


5  I  W  -€  <t) 

nq  nq  q  nq 


m  is  the  mass  of  the  q*^^  panel 
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BENDING  MOMENT  COEFFICIENTS 


Generol  Equotion: 


B 

cnq 


9'"k<>'k  • 


n  =  0,  I,  2,  3 


Each  Mode: 


B 

coq 


u 


9^4  ■  V 


9"’k<''k  ■  >'q>  *2k 


9"’k<>'k  ■  V  5  3k 


(  5„  :  I ) 

o 


For  Pitch: 


ceq 


k  - 


9'"k^ko<>'k  ■  V 


=  q 
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TORSION  MOMENT  CONTRIBUTED  BY  STATIC  UNBALANCE 


General  Form; 


T 

c  c  nq 


u 


k  =  q 


n  =  0,  1 ,  2,  3 


Each  Mode: 


T 


c  c  oq 


k  = 


c  e  Iq 


c  6  2q 


k  =  q 
u 


k  :  q 


nm  c  W. 

'k 


T 


c  €  3q 


n®k 


(  W  -  1  ) 

O  “ 
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TORSION  MOMENT  CONTRIBUTED  BY  INERTIA 


Generol  Form  For  Modes: 

u 


k  z  q 


Each  Mode; 


cloq 

^cllq 


T 


cl2q 


T 


cl3q 


0  For  d 


o 

u 


k  z  q 


u 


k  z  q 


n  z  1,  2,  3 


Total  torsion  moment  from  unbalance  and  inertia; 


T  z-T  ,  +T 

cnq  cinq  c e  nq 

Torsion  moment  coefficient  for  aircraft  pitching  inertia; 


k  r  q 
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APPENDIX  B 

AIRPLANE  CONFIGURATION  DATA 


This  appendix  contains  configuration  data  far  the  airplane  used  as  an  example 
at  moximum  take-aff  gross  weight.  Spanwise  mass  and  inertia  data,  free-free  coupled 
bending  and  torsion  mode  shapes,  landing  gear  deflections  in  the  modes,  and  strut 
damping  coefficients  versus  orifice  diameters  are  presented. 
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Vh  --  FT/SEC 

FIGURE  125  :  A>ssumed  Lift  Variation  for  One-Half  Airplane 
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Vh  FT/5EC 

FIGURE  126  :  Average  Main  Gear  Static  Load  Versus  Taxi  Speed, 
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TABLE  2 


(Free  Free  Mode  Shopes) 


W 

q 

<t>q 

* 

W 

q 

cr 

* 

W 

q 

0  * 
q 

Mode  1 

Mode 

1 

Mode  2 

Mode  2 

Mode  3 

Mode 

3 

0 

.1396 

.6639  XIO"^ 

.  1716 

-.4508  XIO’^ 

.07055 

.1679  XIO’^ 

1 

.1383 

.6640 

.1676 

.1426  XIO"^ 

.06680 

-.1504 

2 

.1275 

.6617 

.1370 

.1389  XIO 

.03750 

-.8208 

f 

o 

3 

.1061 

.6565 

.08248 

.  2701 

-  .01655 

-.1522  XIO 

4 

.07495 

.7570 

.01353 

.3859 

-  .08792 

-.1952 

5 

.03264 

.8724 

-  .06356 

.5191 

-  .1703 

-.2427 

6 

-  .02244 

.1024  XIO 

-  .1383 

.6931 

-  .2543 

-.3020 

7 

-  .09022 

.1223 

-  .1928 

.9163 

-  .3273 

-.3749 

8 

-  .1706 

.1191 

-  .2076 

.9482 
.9838  ' 

-  .3754 

-.4080 

9 

-  .2646 

.1149 

-  .1715 

-  .3779 

-.4445 

10 

-  .3722 

.1102 

-  .07700 

.01019 

-  .3108 

-.4791 

11 

-  .4921 

.  1047 

A 

.07706 

.01055 

-  .1588 

-.5117 

12 

-  .6220 

.9844  XIO 

.2843 

.01093 

.07865 

-.5443 

13 

-  .7588 

.9078 

.5313 

.01131 

.3862 

-.5730 

14 

-  .8993 

.8586 

.8023 

.01158 

.7392 

-.5927 

15 

-1.000 

.8604 

1.000 

.01159 

1.000 

-.5943 

fj  :  1,2709  cps  I  3.3641  cps  =  4.9063  cps 


(Effective  Modal  Masses) 

M  -  171.0  Lb-SecVin  - 
o 

M^  r  8.9899  Lb-Sec Vin 
M^  I  29.2044  Lb-Sec^/ln 
M^  c  6.7052  Lb-Sec^/ln 


Exclusive  of  Landing  Gear  Weights 


'Note:  d)  units  are  radians  per  unit  tip  deflection. 

q 
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TABLE  3 

(Moln  and  Nose  Landing  Gear  Orifice 
Diameter  Versus  Orifice  Coefficient) 


Damping  Coefficient  zC  - 


H 

/  Orifice  \ 

\  Diameter  / 

(In) 

(Nose  Geor  Cq) 

(‘7 ) 

/  Orifice  \ 

\  Diameter  / 

(In) 

14.1 

.50 

7.43 

.159 

7.05 

.594 

1.20 

.25 

21.15 

.45 

11.11 

.143 

(Standard  Damping  Coefficient;  ) 

2  2 

Main  Gear  r  14.1  Lb-Sec  /in 
Nose  Gear  7.43  Lb-Sec^/ln^ 
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TABLE  4 


(Gear  Force  and  Center  of  Gravity 
Deflection  in  Modes) 


Nose 

Fiont  Main 

Rear  Main 

(i  =  1) 

(i  =  2) 

(i  =  3) 

0.1137 

0.1375 

0.1415 

0.3480 

0.1868 

0.1595 

0.0050 

0.06495 

0.0751 

For  Center  of  Gravity  Translation: 
i,  -  0.1379 

52c 

5^^  =  0.06605 
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The  sfruf  air  compression  force, 
following  formula: 


F^.,  versus  stroke,  s.  variation  Is  given  by  the 


F  . 
01 


A. 


I 


«(»■«"•  which  is  unity  fo,  ,he 

Specific  constants  may  be  summarized  os  follows; 

Nose  Gear 

r,  =  I 

A  =  14,150,  (lb-in.,  for  =  1) 
b,=  11.3,  in. 

K,  =  -  333,  lb 

Main  Gear 

r.  =  I 

I 

A  =  64,400,  (Ib-ln.,  for  r  =  I) 

i  ' 

b.  r  11.3,  In. 

I 

K.  z  -  333,  lb 

I 
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APPENDIX  C 

EQUIVALENT  LINEAR  SYSTEM  SOLUTION 
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’12  “ 

-  (Cd  +  K) 
s  s 

(7C) 

’22  ^ 

2 

M,d  +  (C  -fD-fC,  )d  +  K  -fK 
f  s  fg  s  a 

(8C) 

23  ^ 

-  (Dd  +  K  ) 
a 

(9C) 

33  ■ 

M  d^  4  Dd  4  K  4  K 
u  a  t 

(IOC) 

34  = 

-  K 

t 

(lIC) 

44  " 

K 

f 

(12C) 

Omitting  the  constant  forces  W  ,  ard  Wp  since  this  is  a  linear  system,  the 
matrix  equations  rrxiy  be  rewritten  as  follows:  (The  constant  forces  may  be  added  in 
later  by  using  the  principle  of  superposition). 


^11 

^12 

0 

0 

^12 

^22 

^23 

0 

0 

*^23 

^33 

^34 

0 

0 

^34 

^44 

0 

0 

0 

-F 

t 


(13C) 


Dividing  oil  equations  by  q  and  solving  for  F^^q  yields: 


^  ^34  ^*^12  "  ^11^22^ 

q  44 


'^33  *'^12  ’  ■'■'^23^11 


(l-tC) 


Substituting  for  d  in  the  transfer  function  gives  the  complex  value  of  F^y^q 
for  a  constant  input  amplitude  q  at  angular  frequency  oj  . 

Numerical  evaluation  of  the  amplitude  and  phase  angle  of  the  transfer  function 
involves  the  colculotion  of  the  coefficients  G  for  given  constants  of  the  physical 
system  and  substitution  into  equation  14C. 

To  compare  the  analytical  results  with  results  obtained  from  the  analog  computer 
runs,  the  amplitude  of  F^^q  must  be  modified  to  compensate  for  the  finite  filter  band¬ 
width  used  on  the  computer.  The  method  of  determining  the  correction  factor  for  F^^/q 
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is  derived  by  assuming  the  filters  v^ere  ideal  or  "squore"  over  the  filter  frequency  range, 
artd  may  be  stated  as  follows: 


average 


avg 


CJ.  -  u>. 


duj 


where  and  (^2  corresporxi  to  filter  edge  points,  centered  on  a  peak  of  F^. 

To  determir>e  the  compensated  values  of  F^^  about  a  frequency  response  peak,  the 
following  factor  is  applied: 


correction  factor  z 


Ajvg  peak 


Additiorul  transfer  functions  are  derived  for  the  equivalent  system  and  listed  below. 
The  evaluation  of  these  are  carried  out  in  the  some  manner  as  ^ y/q- 


-G 


34 


+  G 


34 


"  ^44 
^34 


^23^34 


23 


-  d 


2  ^12 


11 


G33  (F/q+G^^)  G 


34 


^23^34  ^23 


Z  (  jw) 


(15C) 


(16C) 


(17C) 


(18C) 


(19C) 
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q 


-  _q _ q 

■  f  -  B 


(20C) 


Thus,  os  shown  in  Appendix  A, 
equations: 


fhe  wing  loads  con  be  determined  from  the  following 


M 

^q 

q 

M 

yq 

q 

s 

_iS 

q 


°o 


B  _  +B  ' 

coq  qg  clq  qg 


T  —  -f 
coq  qg  qg 


o. 

5  —  +  S  ,  J 

coq  qg  clq  qg 


(21 C) 

(220 

(23C) 


The  contribution  of  the  higher  flexible  modes 
cussed  relative  to  Equotion  52  in  the  text. 


to  these  loads  con  be  determined  os  dis- 


A  wmplc  evoluollon  of  (he  onolytlcol  solution,  Equotion  I4C,  is  presented  for 
com^rrson.  The  origI,«l  physieol  volues  for  the  single  geor  lineor  system  ore:  these 

values  ore  given  per  half  otrplone  unless  otherwise  stoted) 


M  ;  166 

o 

Mj  :  8.99 

M  =1.68 
u 

D  =  185.0 
c  =  40.9 

o 

Cj  :  2.87 
coj  =  7.98 


#  2 

'^sec 

in 

#  2 

'^sec 

in 

5  ^ 

If. 


'sec 

in 

'sec 

in 


^sec 

in 

f 

"^sec 

in 


rod 

Sec 


(per  gear) 

(per  gear) 

at  =  66  ft/sec 

c 

~  =  2.5%  for  1st  mode, 

cr 


5l--  ••397 
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K  = 
a 

14,170 

Ib/in.  (per  strut) 

K  r 
f 

8,330 

Ib/in.  (per  tire  ot  a  pressure  of  90  psi) 

The  corresponding  fronsformed  linear  system  values  (at  V  =  66  ff/sec 

H 

M  = 
s 

43.97 

Ib-secVin. 

Mf  = 

122.02 

lb-sec  V'ri- 

M  = 
u 

1.68 

2 

lb-sec  /in.  (per  gear) 

D  = 

185.0 

Ib-sec/in.  (per  gear) 

C  : 

2.27 

lb- sec/in. 

C  : 

10.87 

Ib-sec/in. 

sg 

% 

30.2 

Ib-sec/in. 

K  = 
s 

2055.0 

1  b/i  n . 

K  = 
a 

14,170 

Ib/in.  (per  strut) 

K  = 

t 

8330.0 

Ib/in.  (per  tire) 

0.1397 

B  = 

-.3877 

M 

0.3604 

M, 

The  values  of  M^,  D,  K  ,  and  are  doubled  for  the  test  case,  since  there  are 
two  gears  driving  one-half  the  airplane. 

The  results  from  a  test  case  are  presented  in  Table  5  as  a  single  tire  force  fre¬ 
quency  response  function,  and  the  values  agree  very  favorably  with  results  from  the 
more  detailed  analog  computer  solutions  shown  in  the  text. 
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TABLE  5 


(Amplitude  orxJ  Plwse  Angle  of  Anolyticol  Transfer  Function  for  Tire  Force) 


jFrequency\ 

\  cps  y 

f  ) 

\lb/ft  / 

■Bi 

0.5 

1.292  X  10^ 

354 

0.6 

2.151  X  10^ 

354 

0.7 

3.653  X  10^ 

352 

0.8 

6.986  X  10^ 

349 

0.86 

1.097  X  10^ 

344 

0.90 

2.160  X  10^ 

329 

0.94 

*4.077  X  10^ 

276 

0.97 

2.807  X  10^ 

225 

1.0 

1.665  X  10^ 

207 

1.26 

7.188  X  10^ 

260 

1.30 

1.264  X  10^ 

323 

1.50 

1.073  X  10^ 

344 

1.60 

2.647  X  10^ 

333 

1.65 

4.698  X  10^ 

314 

1.68 

6.455  X  10^ 

289 

1.70 

*7.033  X  10^ 

267 

1.73 

6.175  X  10^ 

238 

1.75 

5.249  X  10^ 

225 

1.80 

3.617  X  10^ 

208 

1.90 

2.277  X  10^ 

196 

2.25 

1.233  X  10^ 

188 

3.0 

8.641  X  10^ 

187 

4.0 

7.517  X  10^ 

188 

5.0 

7.139  X  10^ 

190 

6.0 

6.994  X  lO'^ 

192 

*  Note:  Peaks  are  uncompensated  for  filter  effects. 
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APPENDIX  D 


COMPUTER  APPLICATIONS  IN  DYNAMICS  AND  STATISTICS 
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FIGURE  128  :  Dynomic  Response  Analysis  Flow  Chart 


COMPUTER  APPLICATIONS  IN  DYNAMICS  AND  STATISTICS 


I .  Introduction 


Anologond  digitol  computer  techniques  used  for  this  investigation  ore  presented  in 
more  detail  in  this  opperdix.  A  flow  diagram  showing  the  various  opplicotions  of  tl>e 
ortolog  ord  digital  computers  is  shown  in  Figure  128. 

Several  computer  solutions  have  been  obtained  for  comparison  of  amlog  and  digital 
results  aver  sample  runway  segments.  The  digitol  program  is  inherently  more  accurate, 
and  it  is  designed  to  include  more  details  since  it  is  used  for  more  general  problem  solu¬ 
tions.  The  digital  results  include  four  flexible  modes  of  vibration  ard  present  three 
comporsents  of  loads  ot  fifteen  wing  stations.  However,  the  digital  approach  selected 
did  rrot  prove  to  be  feasible  since  computotiorwl  time  became  prohibitively  expensive 
for  the  very  long  time-histories  required  for  the  direct  dynamic  arxilysis.  Therefore, 
the  anolog  computer  was  selected  for  the  fTvijor  task  of  aircraft  simulation.  Tlx!  digital 
computer  was  used,  however,  In  calculating  the  wing  rwtural  modes  of  vibration  ard 
for  some  PSD  analysis. 

The  overoll  requirements  of  the  problem  from  the  view  point  of  analog  computation 
are  as  follows: 

a.  To  solve  the  eqixations  which  simulate  a  multi-gear,  flexible  aircraft 
performing  toxi  operations. 

b.  To  provide  an  input  to  this  simulated  aircraft  which  represents  quite 
accurately  the  profile  of  a  specified  5000-foot  runway  being  trav¬ 
ersed  at  several  speeds. 

c.  To  preserve  the  spacing  of  tlie  landing  gears  relative  to  the  runway 
amplitude  variations,  and  relative  to  eoch  other. 

d.  To  record  the  time  histories  of  specified  airplane  response  functions. 

e.  To  measure  the  power  spectra  of  these  functions,  as  well  as  other  statistical 
quantities. 

f.  To  obtain  cross-spectra  and  transfer  functions  between  specified  pairs  of 
the  functions. 

Following  these  operations,  useful  observations  on  parametric  variations  in  the  strut 
configuration  are  made;  and  subsequent  to  that,  the  equivalent  linear  system  is  developed 
to  represent  the  nonlinear  system,  which  constitutes  the  landing  gear,  and  linearized 
solutions  are  obtained. 

The  simulation  of  the  flexible  vehicle  an  the  computer  is  basically  a  standard  pro¬ 
cedure  as  applied  in  previous  studies.  Hov/ever,  the  remaining  items  present  problems 
in  the  reproduction,  storage,  and  processing  of  much  larger  amounts  of  data  than  are 
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usually  encountered  in  onalog  operotions. 

Figure  129  gives  further  details  of  the  anolog  computer  program  network  which 
simulates  the  example  alrplone,  os  discussed  in  the  text.  Figure  130  presents  a 
typicol  time-deloy  network,  of  which  seven  were  required  as  part  of  the  runway  Input 
to  the  computer  simulation,  ensuring  the  proper  sequencing  of  the  lending  gears  os 
they  pass  over  the  runway. 

The  intention  of  the  flow  diagrams  and  network  figures  is  to  provide  a  concept  of 
the  mognifude  of  the  problem,  the  bosic  approoclies,  and  the  number  ard  inferielation 
of  components.  Therefore,  specific  detoils  are  not  necessorily  intelligible  from  the 
figures.  This  oppendix  is  intended  to  oid  those  technicolly  versed  In  oralog  compu- 
fation  to  comprehend  the  roture  ard  scope  of  the  problem  set-up  from  a  rather  brief 
presentation. 

The  most  significant  of  the  analog  computer  problems  are  discussed  In  succeeding 
sections. 


2.  Generation  of  the  Runwoy  Profile  for  the  Anolog 

The  principol  problem  concerning  the  generation  of  the  runway  amplitudes  is  the 
requirement  foi  equal  resolution  of  both  the  low  amplitude,  sixart  wove  length  content 
of  the  runway  as  well  as  the  large  amplitude,  long  wave  length  content.  Since  the 
range  of  the  amplitude  of  the  variations  in  the  runway  is  from  the  order  of  .001  ft. 
to  14  ft.,  (from  short  wavelength  to  long  wavelength  respectively)  and  a  nomitxjl 
precision  of  one  percent  is  desired,  the  resolution  of  the  short  wavelength  content 
must  be  to  the  order  of  .00001  ft.;  this  is  1/1,400,000  referred  to  the  large  amplitude 
variations.  No  ordinary  analog  equipment  is  available  which  is  capable  of  such 
resolution;  in  fact,  a  graph  of  such  a  precision  which  could  be  followed  by  typical 
electromechanical  following  devices  available  today,  accurate  to  i  .05  Inches, 
would  require  a  full  scale  travel  of  280,000  inches.  The  length  of  the  graph  would 
be  of  a  similar  order.  It  is  conceivable  that  an  electromechanical  follower  could 
be  passed  over  a  curve  of  indefinite  length,  but  the  width  or  full  scale  required  is 
a  prohibitive  value. 

A  diagram  of  the  analog  simulation  of  the  taxiing  airciaft  makes  it  apparent 
that  some  advantages  would  result  by  using  the  slopes,  or  spatial  derivatives,  of 
the  runway  rather  than  the  amplitudes  for  analog  computational  purposes.  An  inspec¬ 
tion  of  the  slopes  of  the  runway  (assumed  to  be  the  mean  values  between  points  on  the 
elevation  data  obtained  from  direct  measurement  of  the  runway)  reveals  that  the  range 
of  the  slope  function  is  only  .075  i  0.05  with  a  precision  of  i  .001  25  or  i  2. 5  per¬ 
cent  of  the  full  scale  value.  This  is  well  within  the  accuracy  of  existing  analog 
equipment  -  including  magnetic  tape  record-reproduce  systems. 
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The  final  procedure  requires  a  recording  of  the  slope  function  on  frequency  mod¬ 
ulated  magnetic  tope.  Playback  of  the  tope  yields  o  repeatable,  accurate  regeneration 
of  the  runway  slope  profile  for  reproduction  as  needed. 

In  more  detail,  the  procedure  is  to  plot  tin*  runway  slope  profile  in  one  hundred 
50-foot  segments,  each  representing  a  full  scale  travel  of  on  electromeclionical  plotter- 
follower.  Eoch  segment  is  recorded  on  magnetic  tape  from  the  follower,  ar>d  sub¬ 
sequently  the  100  segments  of  the  tape  are  spliced  together  to  form  o  single  tape. 
Playback  through  the  demodulators  reproduces  the  runway  slope  profile  with  the  some 
order  of  precision  os  the  origirxil  measurements  for  the  runway.  One  important  excep¬ 
tion  is  the  long  wavelength  variatians,  which  in  this  cose  ore  the  same  order  of 
magnitude  as  the  zero-drift  in  the  tape  record/reproduce  system. 

To  obtain  the  same  order  of  precision  for  both  long  artd  short  wavelengths  of  the 
LaGuardia  runway  used  in  this  study,  a  curve  was  set  up  for  the  follower  which 
contained  the  general  shape  of  the  runway  over  the  full  5000  feet,  including  prin¬ 
cipally  the  large  amplitude-long  wavelength  variations.  This  curve  was  followed 
simultoneously  with  the  magnetic  tape  playback,  thus  providing  o  source  of  good 
accuracy  sliort  wovelength  and  a  separate  source  of  equal  accuracy  long  wavelength 
information.  The  accuracy  of  each  of  these  chaniwls  deteriorated  with  wavelength 
os  it  approached  the  regime  of  the  other.  This  was  compensoted  for  by  utilizing  a 
crossover  network  to  combine  tisese  data  as  will  be  shown.  Finally  the  runway  pro¬ 
file  amplitudes  were  reproduced  by  integrating  the  recorded  slope  functions  as  played 
back  through  the  complementary  filters  and  into  the  computer. 

A  block  diagram  of  the  system  is  shown  in  Figure  131 .  The  output  of  the  tape 
reproducer  is  the  accurate,  high  frequency  content  of  the  runway  slope  plus  low  fre¬ 
quency  error  (drift).  The  output  of  the  curve  follower  is  the  accurate  low  frequency 
content  of  the  runway  amplitude  plus  high  frequency  error  (low  level  noise).  Let  these 
two  outputs  be  defined  os 

sq(s)  -f  E|^(s)  =  output  of  tape 
q(s)  +  -  output  of  follower 


where  q(s)  is  the  true  runway  amplitude. 

Now  if  filter  F|(s)  has  the  operational  characteristic 


s  -+•  r 


operating  on  (sq(s)  -+■  E^^) 


s  r 


and  filter  has  the  characteristic 
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FIGURE  131  :  Computer 


then  the  summed  outputs  of  the  two  filters,  e  Is 

o 


sq($)  + 


E|_(0  + 


—  Eh(') 


:  iq(s)  + 


+ 


Tj 


which  is  the  desired  runway  slope  profile  sq(s)  with  the  error  terms  attenuated.  The  low 

frequency  error  E|^{s)  Is  attenuated  to  zero  as  s-*  0  and  the  high  frequency  error  in  tl>e 

slope  profile  s  E,  (s)  approaches  zero  as  s-i*.  oo. 
h 

The  choice  of  Tj  was  made  by  trial  and  error,  integrating  the  regeneiated  slope 
function  and  observing  tlxj  difference  between  it  and  the  origirwl  rurrway  amplitude  both 
as  to  long  period  and  short  period  errors.  The  value  of  Z .  settled  upon  as  giving  the 
best  overall  fit  correspotxJed  to  a  wavelength  of  66  ft.  on  tne  runway,  with  the  speed  of 
regeneration  set  at  I  I  ft/sec. 

Figures  132,  133,  and  134  show  time  histories  of  a  typical  segment  of  the  regener¬ 
ated  runway  slope  and  amplitude,  the  low-frequency  derivative  component  obtained 
from  the  follower  output,  arxl  a  plot  of  the  e.ntire  runway  as  obtained  by  integrating  tlie 
output  of  the  summation  of  the  complementary  filters. 

The  complex  procedure  described  above  resulted  from  the  specified  requirement 
tlxjt  all  the  long  wavelengths  be  considered;  such  technical  complications  involved  a 
large  amount  of  additional  developmental  work.  The  firal  results  indicate  tlxit  ro 
significant  response  occurs  below  0.8  cps  in  the  vehicle,  so  these  long  wavelengths 
are  nat  essential . 

3.  Analog  Simulation  of  Vehicle  Response 

The  simulation  of  the  vehicle  is  performed  by  conventional  arwlog  procedures. 

The  iixlividual  landing  gear  forces  are  introduced  to  the  vehicle  which  is  free  to 
respond  in  rigid  body  translation  and  pitch  and  three  flexible  modes  as  described  by 
Equations  1-13.  The  gear  forces  are  derived  from  the  motions  of  the  aircraft  over  the 
runway  profile. 


The  runway  slope  profile  is  introduced  directly  to  the  nose  gear  then  passed 
through  7  fourth-order  Fade'  networks,  each  of  which  delays  the  profile  signal  by 
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FIGURE  133:  Runway  Derivative  -  Low  Frequency  Content  Obtained  from  Follower 
and  Filter  Combirtation 


FIGURE  134:  Integral  of  the  Runway  Derivative  Obtained  Through  the  Complementary 
Filter  Network 


time  Increments  corresponding  to  5  feet  of  runwoy  travel,  os  discussed  in  Appendix  D. 

The  profile  signal  to  the  front  main  gear  is  token  from  the  6th  pode'  circuit  and  the 
sigrol  for  the  reor  main  from  the  7th,  to  simulote  the  proper  spacing  of  the  nose  arxi 
main  gears  of  the  example  airplane,  as  shown  in  Figure  2  of  the  text. 

Selected  shears,  herding,  ard  torsion  moments  are  computed  os  functions  of  the 
rigid  ord  flexible  modal  response.  Equations  used  to  determine  output  loads  ot  severol 
stotions  arc  presented  in  Apperdix  A.  The  method  of  incorporoting  these  in  the  dynamic 
computer  simulation  Is  presented  in  Figure  129. 

Three  nonlineor  functions  per  geor  are  included:  Strut  orifice  load  os  a  function 
of  strut  velocity,  strut  oir  pressure  as  a  function  of  o  strut  deflection  or  compression, 
and  tire  force  as  a  function  of  tire  deflection.  These  nonlineor  functions^as  used, 
have  given  excellent  agreement  between  analysis  ard  test  data  in  prior  analyses. 

4.  Analog  Methods  Power  Spectrol  Analysis 

A  brief  description  of  the  aixjlog  circuitry  used  for  measuring  power  spectral  density, 
load  occurrences,  ord  probability  functions  for  the  data  obtairxjd  during  the  dynamic 
taxi  onalysis  is  given  herein.  In  addition,  the  lirKJ  of  reasoning  leading  to  the  selection 
of  specific  techniques  is  presented  in  a  chronological  pattern. 

The  zero  intermediate  frequency  (IF)  low-pass  filter  technique  Is  utilized  to  enable 
active  elements  to  be  used  in  the  data  reduction  process  and,  thereby,  to  provide  ex¬ 
tremely  "square"  filters.  Generally,  the  some  circuits  are  used  to  perform  both  power 
spectral  analyses  and  cross-spectral  analyses,  except  for  the  parallel  mode  of  operation 
of  the  circuits.  Some  of  the  considerations  which  led  to  the  particular  filter  types  and 
analysis  techniques  are: 

a.  The  function  follower,  which  was  used  to  convert  the  plotted  slope  profile 
to  a  voltage  which  could  be  recorded  on  magnetic  tope,  was  capable  of  following  the 
desired  amplitude  variation  accurately  up  to  a  frequency  3  cps.  Above  3  cps, 
amplitudes  were  atte(\uated  and  cansiderable  lag  was  experienced  in  the  follower, 
which  would  lead  ta  complete  loss  of  data  ance  the  follower  head  last  the  silver-ink 
line.  On  the  other  hand,  a  lower  limit  of  4  ar  5  feet  on  the  wavelength  content  of 
the  runway  data  is  desired.  This  sets  an  upper  limit  of  15  ft/sec  an  the  rate  at  which 
the  follawer  could  actually  traverse  the  runway  data.  Airplane  speeds  of  15,  30, 

45,  orxi  60  mph  were  of  Interest.  Since  each  speed  is  an  integral  multiple  af  1 1 
ft/sec  (22,  44,  66,  and  88  ft/sec  respectively)  playback  af  the  runway  data  at  a 
rate  of  1 1  ft/sec  was  fixed  and  then  the  computer  simulation  of  the  airplane  was 
time-scaled  by  integral  factors  of  2,  4,  6,  and  8.  The  time  ta  carry  out  the 
simulated  5,000  ft.  run  is  454.5  sec  for  all  airplane  speeds. 

b.  Following  the  establishment  of  all  time  scaling,  a  canversion  of  the  demod¬ 
ulators  was  accamplished  sa  that  the  data  recorded  an  the  magnetic  tape  at  15  inches 
per  secorxl  could  be  played  back  at  60  In/sec,  thus  speeding  up  the  data  reductian 
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process  by  a  focfor  of  four,  ord  reducing  the  playback  time  to  1 13  seconds  per  pass. 

The  read-out  of  end  points,  ord  rewird-reset  time,  remained  the  same. 

The  above  considerations  of  follower-speed,  computer  time-scale  for  tin?  problem,  and 
ploybock  speed,  os  well  as  the  definition  of  certain  frequerKies  in  the  power  spectra  of 
the  airplane  responses  to  the  runway  profile,  led  to  the  finol  selection  of  the  number  of 
points  per  PSD  required,  ord  the  associated  bandwidth  of  the  filters  used.  Tlx?  airplane 
frequencies  of  interest  range  from  0.3  to  12  cycles  per  second;  ord  at  the  time-scales 
involved,  this  range  corresponds  to  computer  frequencies  of  from  0.0375  to  6  cycles 
per  second.  With  the  tape  speed-up  on  ploybock,  then,  the  filters  are  required  to 
operate  in  the  region  from  0. 15  to  24  cycles  per  sccord.  Twenty-five  points  In  the 
airplarse  spectrum  were  selected  so  os  to  define  tlx?  desired  frequencies. 

The  several  methods  of  obtaining  power  spectral  density  measurements  on  ortalog 
equipment  considered  for  this  study  were: 

o.  Pa  ssive  network  filters 

b.  Active  network  filters 

c.  High  intermediate  frequency  (IF),  tuneoble  filters 

d.  Zero  frequency  IF,  fixed  filters 

e.  Tope-loop,  repetitive  data  input 

f.  Single-pass  doto  input 

g.  Sweep  frequency  analysis 

h.  Parallel  filter  "comb "  orxt lysis 

Additional  considerations  were;  the  time  durotion  of  the  doto,  the  frequency  content, 
the  precision  required,  the  omount  of  equipment  on  hand  or  availoble,  ond  the  time 
required  to  perform  the  operations  with  suitable  precision. 

Since  the  dato  wos  obtolned  over  o  period  of  454.5  seconds  per  run,  the  tope-loop 
method  wos  improctical.  Since  the  frequency  range  of  Interest  was  below  50  cps., 
passive  element  filters  were  ruled  out  in  favor  of  the  active  filters  composed  of  D.C. 
ompllflers,  whose  operation  at  or  near  zero  cps.  is  accurate  ord  reliable.  The  need 
for  cross  spectrum  computation  also  led  to  the  zero  IF  method  which  permits  accurote 
phose  detection. 

The  anolysis  of  the  requirements  and  copabllities  led  to  the  decision  to  use  active 
network  filters,  zero  frequency  IF,  multiple-filter,  comb  techniques. 
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The  active  network  fillers  used  weie  of  the  Bufterworth  oi  "maximolly  flot"  design. 
Five  poles  were  used,  which  produced  o  30  db  per  octove  roll-off  beyorxJ  the  cutoff 
frequency.  The  tronsfer  function  of  the  filter,  a  typicol  filter  wiring  diagram,  arxJ  a 
complete  block  diagrom  for  one  PSD  circuit  ore  slx>wn  in  Figure  135.  The  filter  clor- 
octeristic  frequency  is  presented  in  Figure  136.  Five  fitters  were  set  up  as  shown  In 
Figure  137  to  obtain  power  spectral  density  points  from  the  dato.  The  spectrum  of 
oirplanc  frequencies  of  Interest  was  divided  Into  five  regions:  0.30  -  0.63  cps, 

0.63  -  1  .X  cps,  1  .X  -  2.80  cps,  2.80  -  5.80  cps,  ar»d  5.80  -  12  cps.  Eoch  of  tlie 
filters  was  ossigned  o  bandwidth  equal  to  one-fifth  of  the  width  of  oix;  region.  On 
the  first  ploybock  of  the  function  to  be  orwlyzed,  one-fifth  of  each  region  was  cover¬ 
ed  arxj  the  PSD  at  eoch  point  read.  Next,  the  beat  frequency  oscillators  were  each 
advanced  one  filter-width,  arxj  a  secorxl  pass  nxide.  This  produced  a  secorxi  set  of 
5  PSD  points,  arxj  so  on  through  5  passes,  to  completely  cover  the  spectrum  of  inter¬ 
est. 


In  order  to  obtain  readings  for  all  levels  of  PSD  for  a  given  function,  the  gain 
frequently  had  to  be  adjusted  before  the  squarer,  or  before  the  integrotor,  in  order 
to  prevent  either  the  output  of  the  squarer  being  entirely  in  ttie  ivDlse  level,  or  the 
integrator  operating  beyond  Its  linear  limit.  Experience  with  particular  functions 
permiiroJ  better  estimates  of  gains  to  be  made,  atxl  the  speeding  up  of  the  tape  play¬ 
back  to  4  times  the  origitxil  recording  rate  (described  later  in  this  ApperxJix)  decreased 
the  lost  time  in  re-running  to  obtain  proper  gain  settings. 

The  equipment  used  in  this  program  is  among  the  best  available  in  the  industry, 
and  repeated  checks  are  made  to  elimirxite  the  human  factor.  The  frequency  modu¬ 
lation  equipment  described  above  was  modified  from  o  10  k.c.  carrier  to  a  40  k.c. 
carrier,  in  order  to  speed  up  data  reduction  by  tape  speed  change,  sometime  during 
the  transition  from  single-to  multi-gear  power  spectral  analysis.  Technically  this 
should  not  affect  results,  but  such  operations  at  the  upper  limits  of  tape  recorder 
and  other  equipment  capabilities  could  generate  subtle  inrxtccuracies.  Also,  the 
Fade  '  delay  circuits  used  in  the  multi-gear  arxilysis  Ixive  some  theoretical  attenu¬ 
ation,  as  shown  in  Reference  14,  but  this  should  occur  only  at  high  frequencies, 
and  the  error  relatively  small. 

From  the  experience  obtained,  it  is  apparent  tlxrt  large  electronic  analog 
computation  facilities  (300  amplifiers  or  more)  can  be  set  up  to  process  large 
amounts  of  data  for  obtaining  rapid,  accurate  estimates  of  statistical  quantities. 
Parallel  circuits  can  be  designed  which  will  "comb"  data  rapidly,  and  with  tape 
speed-up,  exceed  most  iXDrmal  accuracy  requirements.  Common  practice  can  be 
made  of  recording  at  a  low  tape  speed  of  1  7/8  inches  per  second,  and  playing 
back  at  60  inches  per  second,  affording  a  net  speed-up  factor  of  32.  This  capa¬ 
bility  is  possible  with  complete  record-reproduce  systems  commercially  available. 

Where  a  tape-loop  machine  is  available,  less  arxilog  computing  equipment 
may  be  required  since  a  single  filter,  sweep  analysis  is  satisfactory.  Sweep  tech¬ 
niques  permit  continuous,  smooth  plots  of  power  spectral  density  estimates  to  be 
made  directly.  A  disadvantage  of  this  technique  is  that  it  is  difficult  to  eliminate 
the  effects  of  the  discontinuity  encountered  where  the  loop  is  joined;  the  subsequent 
impulse  response  of  the  filters  will  appear  in  the  output. 
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FIGURE  135:  Analog  Flow  Diagrams  for  Power  Spectral  Density  Calculations 


FIGURE  137:  Analog  Computer  Diagram  for  Each  Power  Spectral  Density  Point 


5.  Speciol  Problems  in  Stotisticol  Anolysis  on  Amlog  Computer^ 


The  special  problems  encountered  In  performing  statistical  computations  on  analog 
computers  hove  been  treoted  at  length  by  nrwny  investigators.  It  was  not  tlie  prime 
objective  of  this  effort  to  obtain  the  most  accurate  or  efficient  technique,  but  rather 
to  exomine  the  feasibility  of  applying  the  analog  computer  to  computations  of  a 
statistical  noture. 


The  detection  of  coincidence  (or  occurrerKe)  at  o  given  amplitude,  tlx?  counting 
of  this  event  and  subsequent  ones,  and  the  determinotion  of  tlx?  probobllity  of  this 
coinciderKe  having  been  exceeded,  is  accomplished  os  slx)wn  in  the  computer  diogrom 
presented  in  Figure  138.  The  system  operates  as  follows: 


Amplifier  A 


Capacitor  C 


A.  Is  held  to  zero  output  by  a  positive  bios  level,  Pj  and  diode  Dj . 
is  disclxjrged  ond  amplifier  A..,  is  inserted  to  ensure  that  e,  is  zero 


ipl 


and  no  voltage  is  present  to  drive  integrator  Ij.  When  f(t)  falls  rrxjre  negative  tlxjn 
P| ,  tlx?  output  of  A.  switches  to  Ej  .  Cj  must  clxjrge  through  doing  so, 

must  clxjrge  C2  on  A^-  The  voltage  on  ^2  then  clxjnges  by  (Cj/ CJ  Ej,  constituting 
one  count.  Meanwhile,  A^  and  Oj  go  to -E  j  ard  this  is  Integrated  by  Ij  until  f  (t) 
rises  above  the  coincidence  level  ogalri. 


When  f(t)  does  rise  above  the  coincidence  level,  A.  returns  to  zero,  C|  diseixirges 
through  ond  the  count  Is  held  on  ^2^  After  time  t,  tne  voltage  e^  is  proportlorxjl  to 
the  total  time  that  f  (t)  has  been  below  P.  By  choosing  the  opposite  sign  for  the  bios 
setting  P,  the  system  will  work  for  positive  occurrences.  A  set  of  five  negatively 
biased  and  five  positively  biased  circuits  detects  the  number  of  occurrences  at  ten  levels 
as  well  as  the  time  In  excess  of  each.  The  accuracy  of  the  system  was  found  to  be  with¬ 
in  one  or  two  of  a  known  number  of  counts  over  1 13  seconds,  and  the  probability 
calculation  was  found  to  be  as  occurote  as  E^  could  be  set-about  one  percent  of  the 
nominal  value.  Further  development  of  this  circuit  and  technique  should  produce  o 
highly  accurate  coincidence  counting  ord  probability  computing  system. 


Since  the  runway  was  a  single  sample,  used  in  its  entirety,  statistical  reliability 
formulae  are  not  particularly  opplicable  to  the  estimates  of  power  spectral  density 
(PSD),  cross  spectra,  transfer  functions,  load  occurrence  detection  and  counting,  ond 
probability  functions  obtained  for  the  data  on  the  analog  computer.  Multiplier  offset 
and  plxise  shift,  integrator  drift,  potentiometer  setting  accuracy,  and  other  analog 
computer  error  sources  contribute  to  the  overall  accuracy  of  the  measurements  obtained 
A  further  source  of  error  is  the  magnetic  tope  system  which  will  be  described  later  in 
detail . 


As  mentioned  briefly  before,  one  of  the  problems  encountered  In  doing  statistical 
operations  on  active- network  analog  computers  results  from  the  necessity  for  a  change 
in  gains  and  scale  factors  to  obtain  consistently  accurate  results.  This  arises  partic¬ 
ularly  In  the  field  of  power  spectral  analysis.  Power  spectra  having  a  range  in  amplitude 
through  several  decades  across  the  spectrum  were  desired,  and  if  this  range  were 
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FIGURE  138  : 


Analog  Compufer  Diagram  for  Occ 
and  Probability  Computations 


urrence  Counti 
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referenced  to  a  constant-scaled  arolog  system,  it  would  represent  output  voltages  from 
the  order  of  10-100  volts  down  to  10-100  millivolts. 

In  arolog  computation,  a  consistently  high  signal- to- roise  ratio  is  necessary;  ar>d 
at  the  some  time,  the  operatiorol  limits  of  the  computer  components  must  not  be  exceed¬ 
ed.  In  meeting  these  requirements,  circuit  goins  and  scale  factors  must  be  adjusted  from 
or»e  run  to  another  to  ensure  reliability  in  the  results.  This  operation  greatly  increases 
the  time  required  to  obtain  results  and  to  convert  them  to  true  nxjgnitudes  in  tabular  or 
graphical  form.  Tlie  technique  can  be  somewhat  improved  when  applied  to  a  large  mass 
of  data;  but  at  best,  the  results  will  be  obtained  In  a  form  ratlwr  tedious  for  final  data 
preparation. 

TIhj  automotion  of  these  finol  data  reduction  steps  may  greatly  speed  up  operations 
in  the  future. 


6.  Cross  Spectrum  Computation 


The  cross  spectrum  computation  was  carried  out  as  shown  in  Figure  139,  in  block 
diagram  form.  It  Is  to  be  noted  that  three  filters  p>er  point  are  needed,  one  to  obtain 
the  PSD  of  one  function  as  reference  amplitude,  ar»d  one  each  to  obtain  the  in-phase 
and  out-of-phase  components  of  the  cross  spectra.  The  cross  spectra  operation  was 
further  limited  to  two  points  per  pass  due  to  equipment  limitations.  Tentative  con¬ 
clusions  are  that  the  bandwidth  of  the  filters  for  this  type  of  computation  must  be 
fairly  narrow  relative  to  the  frequency  being  studied  to  obtain  useful  phase  informa¬ 
tion,  while  the  values  of  the  cross-spectra  are  of  the  same  order  of  precision  as  the 
PSD  in  absolute  magnitude. 

7.  Simulation  of  Continuously  Vorigble  Airplane  Speed 

The  problem  of  introducing  variable  taxi  speed  during  a  single  pass  over  the  pre¬ 
scribed  runway  lias  not  been  brought  to  a  satisfactory  conclusion,  for  the  following 
reasons: 

a.  The  length  of  the  runway  requires  an  FM  tape  recording  of  the  slope 
profile,  which  precludes  a  variation  in  speed  of  playback.  (Tape 
speed  variation  only  leads  to  a  zero  offset  in  the  demodulated  out¬ 
put  signal) . 

b.  In  order  to  accomplish  the  speed  change,  it  is  necessary  to  time- 
scale  the  airplane  simulation  in  the  computer.  It  is  possible  that 
all  integrator  gains  could  be  simultaneously  varied  through  servo- 
or  electronic-multipliers  at  their  inputs;  however,  the  analysis  of 
a  record  taken  during  such  a  procedure  would  be  most  tedious 
because  the  time  scale  would  be  changing  from  one  point  to  the 
next  throughout  the  run.  This  makes  auto-correlation,  cross¬ 
correlation,  power  spectral  density  or  any  other  convolution- 
type  analysis  on  the  data,  by  presently  indicated  means,  almost 
impossible. 
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ter  Circuit  for  Obtaining  Cross  Spectra 


FIGURE  139  ;  Block  Diagram  of  Compu 
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H  appears  that  variable  speed  may  be  accomplished  by  using  another  source  of 
input,  a  noise  generator  with  a  shaping  network,  or  filter,  on  the  output  which 
shopes  the  PSD  of  the  noise  so  that  it  approaches  the  reference  slope  function  of  the 
runway.  Speed  variation  can  then  be  simulated  on  the  input,  leaving  the  computer 
time-scale  of  the  airplane  constont .  Adjustment  of  the  filter  so  thot  the  PSD  of  the 
input  will  approoch  the  PSD  of  the  time  derivative  of  the  reference  runway  will 
produce  the  desired  speed  clxinge. 

The  concept  of  replacing  the  specific  runway  slope  with  a  "shopcd"  noise  gen¬ 
erator  for  making  statistical  studies  of  oircroft  responses  during  taxi  operation  holds 
great  promise,  ond  deserves  consideroble  attention  in  future  studies.  Tlie  disodvantage 
will  be  thot  instead  of  liaving  an  entire  process,  represented  by  a  specific  runway, 
only  samples  of  the  random  function  may  be  taken.  This  limits  the  results  to  the 
cofegory  of  pure  estimates  with  limits  of  confidence  and  reliability.  However,  with 
a  high  speed  analog  computer,  a  great  many  samples  may  be  taken  In  an  extremely 
short  time  and  converted  to  statistical  results  with  high  levels  of  confidence  and 
reliability. 


8.  Simulating  Gear-Spocing  with  Electronic  Time-Delay  Networks 

Tlxi  problem  of  including  the  spacing  of  flw  landing  gear  relative  to  tlie  runway, 
and  to  each  other,  had  to  be  solved  on  the  aixilog  computer  by  a  time-delay  network. 

The  fourth  order  Pade'  approximation  was  found  to  delay  signals  with  adequate  fidel¬ 
ity  as  long  as  the  period  of  the  signol  Is  not  less  tlxtn  the  Pode'  time-delay  constant. 

A  five  foot  wavelength  of  runway  variation  was  determined  as  the  minimum  to  be 
Included  in  the  analysis,  since  tlx;  origiixil  profile  was  read  at  Intervals  corresponding 
to  only  four  foot  wavelengths  or  longer.  Also,  this  will  still  define  the  wavelength 
correspoixii ng  to  main  gear  spacing,  which  is  5  feet.  Since  the  runway  regeneration 
on  playback  was  fixed  at  1 1  ft/sec,  signals  of  a  period  of  5/1 1  sec  and  longer  were 
to  be  utilized,  Introduced  to  the  nose  gear,  then  delayed  and  presented  to  the  front 
main  gear  30/1 1  sec  later,  and  then  5/11  sec  later,  presented  to  the  rear  nxiin  gear. 

Seven  fourth-order  Pade'  circuits  were  programmed  for  the  computer  as  shown  In 
Figure  130,  each  of  which  has  a  5/1 1  second  delay  time  constant.  The  runway  slope 
profile  is  Introduced  directly  to  the  nose  gear  and  to  the  Pade  circuits  which  are 
stacked  end-to-end.  Each  circuit  then  delays  the  signal  by  the  equivalent  of  5  feet 
and  the  output  of  the  sixth  unit  Is  30  feet  behind  the  nose  gear,  in  proper  sequence 
and  plx3Se  for  the  front  main  gear.  The  seventh  Pade'  network  provides  runway 
profile  information  In  proper  sequence  and  phase  for  the  rear  main  gear. 

9.  The  Analog  Computation  Equipment 

The  analog  computation  equipment  utilized  in  this  problem  consists  of  three  consoles 
having  available  a  total  of  130  operational  amplifiers  (not  including  those  in  the  function 
generators,  multipliers,  etc.)  for  summing,  integrating  and  high  gain  operations.  The 
remaining  equipment  Is  presented  In  tabulated  form  below; 
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I  fern 

Servoset  Coefficlenf  Porenfi'omefers 
Manual  Pofenfi’ometers 
Decade  Resistors 
Electronic  Multipliers 

Servo  MulliplJcs  (high  occurocy,  3  Cup) 

Diode  Function  Generators 
Preset  Clock,  .01  sec  to  99.99  sec 
Variable  D.  C.  Voltage  Sources 
Precision  Voltage  Dividers 
Trunk  Lines  for  Interconnection 


Quontit^ 

140 

38 

18 

42 

2 

14 

1 

30 

2 

60 


Peripheral  Equipment 

Oscillograph,  8  Clxinnel 
Oscillograph,  4  Cliannel 
X-Y  Plotter-Follower 
Digital  Voltmeter,  0.001-999.9  Volts 
Oscilloscope,  0  -  5  Megacycles 


2 


'^s  manual  pots  are  devoted  to  the  Pod^e '  circui^s'^  a^^o'loble.  The  second  computer  and 
ond  the  third  computer  receives  what  fr  ^  ^ich  do  not  change  with  taxi  speed, 

Pode  '  circulis,  rh^  runwcy  il  ° - 

ulotors.  ^  ^  for  driving  the  FM  mod- 
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On  playback  of  the  data  for  power  spectral  density  calculations,  the  filters  are 
programmed  on  the  third  computer,  and  the  input  and  output  miltipliers,  the  finol 
integrotors,  and  the  beat- frequency  oscillators  ore  set  up  on  the  first  computer. 

10.  The  Mognetic  Tope  System 

A  magnetic  tape  record-reproduce  system  was  developed  when  it  become  krx>wn  that 
the  reproduction  of  the  entire  5000  feet  of  a  runway  would  be  required  in  the  problem 
solution.  Originally,  the  concept  hod  been  to  record  and  reproduce  the  input  and  out¬ 
put  data  for  the  runway  on  the  11"  X  17"  X-Y  plotter-followers,  which  had  sufficed 
for  previous  limited  studies. 

The  equipment  immediately  available  was  an  airborne  I4-ohannel  system  with 
frequency-modulation  (FM)  electronics  and  compound-modulation  (CM)  electronics 
avoilable  for  all  14-channcls  of  recording  capacity.  Several  limitations  were  encount¬ 
ered  in  its  use,  so  a  seven-chonnel  direct  record-reproduce,  multirange  unit  was  obtain¬ 
ed  for  use  in  this  research  program.  The  multirange  feature  of  this  equipment  aided  in 
the  subsequent  tape  speed-up  which  was  accomplished.  Two  additional  2-channel  direct 
record-reproduce  systems  were  utilized  at  various  stages  of  the  analysis. 

The  final  technique  employed  was  arrived  at  in  the  following  monner: 

The  Cm  electronics  {both  the  modulators  and  the  demodulator)  were  found  to  operate 
only  in  the  millivolt  input-output  region.  Since  the  orxjlog  computer  is  scaled  to  operate 
in  the  region  from  -100  volts  to  t  100  volts,  there  was  trouble  in  getting  the  demodu¬ 
lated  signal  up  to  a  level  wherein  the  computer  could  accept  it  conventiently .  (Tape 
speed-up  with  CM  electronics  would  have  been  difficult,  it  later  developed.) 

The  FM  electronics  employed  a  pieamplifler  to  operate  on  low  voltage  inputs.  It 
was  determirxjd  that  the  multivibrators  which  generate  the  carrier  are  modulated  by  a 
+  31  volt,  i  10  volt  signal  on  the  input  grid,  and  It  was  possible  to  connect  the  com¬ 
puter  amplifiers  directly  to  these  points.  The  demodulator  consisted  of  a  preamplifier 
which  then  differentiated,  rectified,  and  clipped  the  playback  signal,  generating  a 
pulse  train  of  twice  tlie  instant  frequency.  This  pulse  train  triggered  a  one-shot  multl- 
vlbiator  which  puts  out  a  constant  amplitude,  constant  time  durotion  pulse  at  the  double 
frequency  of  the  input  carrier.  The  output  of  the  one-shot  device  was  then  filtered  to 
reject  the  carrier,  whereby  the  original  signal  /vas  reproduced,  although  attenuated 
from  —  10  volts  to  -  0.60  volts. 

Later  study  revealed  tlxjt  this  signal  could  be  amplified  by  factors  of  50  or  60, 
thus  permitting  its  use  in  the  aixjlog  computer.  Also,  if  the  tape  was  speeded  up  by 
a  factor  of  4,  the  lOKC  carrier  was  converted  to  a  40KC  carrier  which  the  demodu¬ 
lator  could  not  demodulate,  the  "on  time"  of  the  one-shot  multivibrator  being  too 
long.  However,  the  frequency-doubling  in  the  pulse  train  was  eliminated  and  a 
slightly  shorter  "on  time"  achieved,  permitting  the  demodulation  of  a  40KC  carrier. 
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Fortunately,  the  CM  demodulator  was  found  to  contain  the  same  FM  section  as 
the  FM  demodulator,  so  modifications  developed  for  one  unit  applied  to  the  other. 

(The  AM  portion  of  the  CM  demodulator  was  de-energized  and  by-possed) .  A  filter 
for  rejecting  the  carrier  at  the  output  of  the  CM  unit  was  constructed  of  possive 
elements. 

The  direct  record- reproduce  units  ore  used  only  to  record  the  FM  output  from  the 
modulators  ard  to  reproduce  these  signals  for  Input  to  the  demodulators.  The  meosured 
linearity  of  the  overoll  system  is  better  thon  5%,  clouded  a  little  by  the  D.  C.  drift  of 
the  output  ond  the  frequency  drift  of  the  modulators  -  none  of  these  units  being  in 
temperature  -  controlled  enclosures,  nor  supplied  by  porticularly  highly  regulated  D.  C. 
power  supplies. 


1 1 .  Analog  Filter  Compensotion  for  Amplitudes 

The  Figures  140  and  141  present  the  dota  for  determining  filter  attenuation  factors 
for  essentially  square  filters.  The  term  "quolity  factor,  "  Q,  is  often  applied  to  system 
damping,  since: 


Q  = 


2c/c 

c 


(ID) 


For  very  low  values  of  system  damping,  "universal"  lesonance  curves  can  be  pre¬ 
pored  for  single  degree  of  freedom  systems  (see  Appendix  H)  as  shown  in  Figure  140. 

If  the  frequency  above  and  below  resonance  which  corresponds  to  filter  half-power 
points  is  known  as  cuj  and  oj  2'  amplitude  of  Figure  140  is  labeled  X,  then 


the  attenuation  factor 
referred  to  in  the  text. 


(2D) 


The  application  of  this  attenuation  factor  in  the  research  program  may  be  clarified 
as  follows:  If  a  nominally  square  filter  is  applied  to  a  function  which  is  flat  or  con¬ 
tinually  sloping  in  the  frequency  plane,  the  filter  transmits  the  power  at  the  center 
frequency  very  accurately.  However,  if  the  filter  is  centered  over  a  very  sharp  peak, 
as  is  the  case  in  a  low  damped  system,  it  tends  to  read  the  peak  as  an  average  power 
spread  over  the  bandwidth,  and  thereby  attenuated.  Similarly,  two  filters  off  center, 
but  side-by-side  so  as  to  split  the  peak,  will  fail  to  read  the  true  peak.  To  find  the 
true  peak  reading,  correction  factors  can  be  computed  by  applying  the  methods  given 
in  this  appendix  provided  the  system  damping  is  known. 

Since  the  PSD  methods  are  used  as  a  basis  for  validating  the  linearized  arralysis, 
the  reverse  procedure  is  used  in  this  case;  that  is,  the  linear  harmonic  results  are 
attenuated  using  correction  factors  on  peaks  only,  to  indicate  values  as  seen  by  a 
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Cycles  off  Resononce  Fractional 

Resonant  Frequency  "  CT  ~  Detuning 

Or  :  Q  Cycles  off  Resoronce 


Frequency  Below  Resonance  Frequency  Above  Resonance 

VALUES  OF  o,, 

FIGURE  140  ;  Universal  Resonance  Curves  (From  Reference  13) 
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Cycles  off  Resonance  =  :  Frocfioryjl 

Resononf  Frequency  Q  Detuning 


Q 


Cycles  off  Resorsonce 
Resonant  Frequency 


Frequency  Below  Resonance 


Frequency  Above  Resonance 


VALUES  OF  Or 


FIGURE  141  :  Universal  Phase  Angle  Curves  (From  Reference  13  ) 
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square  filter.  Such  correction  foctors  ore  shown  In  Figure  50  In  fhe  main  fexf,  os  o 
furKtlonof  percent  of  critical  domping,  for  convenience  In  referencing.  Note  flat 
a  low  domped  system  may  show  appreciable  attenuation  of  peoks  in  response,  os 
viewed  through  o  10  percent  borsdwidth  filter. 

12.  Digital  Approach  to  Power  Spectral  Analysis 

The  methods  of  generalized  hormonic  oralysis  ore  applied  to  determine  fhe  sfofis- 
ficol  properties  of  structural  loads  experienced  on  and  within  the  oirplone.  From  tise 
power  spectrol  density  functions  which  result,  frequencies  of  load  occurrence  and 
probabilities  moy  be  calculated. 

If  It  is  assumed  flat  the  lood  or  disturbing  phenomeia  is  "stationary  random,  "  firen 
Its  statistical  properties  will  be  Invarionf  from  one  valid  sample  to  another,  taken  at 
rarsdom  from  a  given  population.  The  variations  cannot  be  described  as  a  definite 
function  of  time,  but  fhe  statistical  properties  can  be  determined  from  fhe  power  spectral 
density  of  fhe  random  function,  as  follows: 

If  A(CJ  )  is  file  amplitude  of  fhe  frequency  component  cj  of  fhe  random  function, 
y(f),  then  on  approximate  interpretation  of  the  power  spectrum  $  (  U>  )  nxiy  be  express¬ 
ed  as  in  Reference  12; 


0(00  )  r  lim  i^lA(u.  )|  (3D) 

0^-00  Wt 

where  0  is  the  stationary  random  time  duration  of  fhe  sample.  However,  for  practical 
applications,  a  routine  digital  computation  sclieme  Ixis  been  developed  for  the  evaluation 
of  power  spectra.  A  detailed  description  of  the  analysis  procedure  is  given  in  References 
12  and  23,  but  a  few  of  the  more  important  quantities  will  be  summarized  here: 

The  roof  mean  square,  0^,  of  the  amplitude,  y,  is  determined  from 


wliere  y  is  the  arithmetic  mean  of  y. 

If  k  is  the  (positive)  number  of  standard  deviations  from  the  mean,  and  the  prob¬ 
ability  fCnctlon  is  Gaussian  distributed  then  the  "peak-count",  N  ,  can  be  calculated 
as  the  probable  number  of  times  per  unit  time  the  function,  y,  wilPexceed  a  magnitude 
of  y  z  k  CX  . 

P  P 
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(Xp  -  ?)• 

r 


1  e  2  cr 


$(u))d 


u> 


1/2 


(5D) 


The  power  spectral  output,  u>  )/  in  terms  of  load  (or  stress)  at  a  given  location  in 

On  aircraft  is  related  to  an  input  spectrum  (J)  (  uj  )  as  follows; 


(6D) 


The  tronsfer  function  os  obtained  is  the  obsolute  magnitude  of  a  frequency  response 
function  under  steady  state  conditions,  and  it  will  not  in  general  describe  transient 
pulse  loadings  such  as  are  encountered  in  larding  ard  braking. 

Similarly,  a  cross  spectral  density^  ^01^^  ^  directly  correlating  both  input  atd 
Output,  nxjy  be  evaluated  as  shown  in  Reference  23,  ard  a  transfer  function  calculated 
as  follows: 


$01  > 

^Ol'i  )  =  ■f|{  J  ) 

Both  the  amplitude  ard  phase  of  T  is  irdicated  in  this  case.  However,  for  a  linear  system, 
if  no  cross-correlation  exists,  the  magnitudes  of  both  Tqj  ard  Tq  should  be  identical. 

Statistical  loads  distributions  for  taxiing  response  can  be  determined  from  Equations 
4D  -  7D.  However,  it  should  be  noted  that  where  nonlinear  phenomena  are  present, 
the  methods  of  generalized  harmonic  analysis  cannot  be  proven  to  be  valid  in  general. 
Equation  5D,  for  example,  assumes  a  normal  Gaussian  distribution  of  amplitudes  in  the 
data,  and  this  implies  a  symmetry  in  positive  and  negative  increments  of  loads.  Non¬ 
linear  phenomena,  particularly  larding  gear  forces,  are  typically  known  to  be  somewhat 
unsymmetrical  in  this  respect. 
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(I)  The  perturbofion  me 1 1 xxi.  References  3  nrv^  i-  . 

7  .  ^  .  /^crj^ences  J  and  5,may  be  applied  to  the  differentiol 


equotion,  t  ^  oi  Z  ^  A  J  '7 

solution  given  by;  ^  ^  u.  t,  to  yield  on  opproximote 

/5H^ 

^o*'"  '  i  2  «  yi'  ■  y  cos  uj  I  +  ^  cas2  w  i  V 

where 

"  M, 


A- 


NL 


M, 


r  coefficient  of  the  linear  port  of  F 

K 

^NL  ~  coefficient  of  the  nonlinear  port  of 
-  *’•9'^  body  moss 

^  p  _  magnitude  of  driving  force 

«  "  mJ 

2 

f he  spring  forte 
/5F 

H  -  - -  9 _ 

o'  2  VST  (vST  -  a.  ) 

Let 

n  =  the  nonlinear  port  of  Z,  n  =- 
I  =  the  linear  part  of  Z,  H  sin  uj  t 


(1 


2  cos  u)  t  -f  cos  2  cot) 


NL 


the  minimax  of  n  of  greatest  numerical  value 


z  the  minimax  of  I  of  greatest  numerical  value 


\  z  ^  IS  the  ratio  of  the  nonlinear  contribution  of  response  to  the  linear 
L  response. 


NL  . 
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It  con  be  shown  fhaf  A.,,  :  "  ^  ,  ond  A,  r  H  ,  hence 

L  o  O'  L  o 

4/5  H 

R  -  Q 
r  ’  3  o( 

Now,  if 


=  4540  Ibs/in 

z  138  Ibs/in^ 

Mp  =  82.9  lbs  scc^/>n 
2 

/6  F  =46  in/sec 


oj  =  10.36/sec 


then 

=  54.5/sec^ 

2 

=  1.66/in-sec 
and 

R  =  0.043 
r 

(2)  When  applied  to 

Z4©4Z+ydZ  =  /5Fsinc«jt 

o 

the  perturbation  method  yields  an  approximate  solution  given  by; 

Z  =  H  sin  cot  + 
o 

where  oi,  /5 ,  K^,  and  /5  F^  are  defined  as  in  (1);  however 

3 

F|^  =  K^Z  4  =  the  spring  force. 


/9H 
_ ( 

32  cx 


f(3sin  CO  t  -  sin3co  t) 
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musf  sotisfy  the  equation: 


Alfhouq'ti  I,  A^,  and  '^re  defined  as  in  (1),  one  now  Iws 

22  ^  y  (3sin  cj  f  -  sin3cut) 
and  if  con  be  shown  thot 


where  H  is  the  numericolly  greatest  real  root  of  tlnj  above  equation  in  H  . 
0  a 


Now,  if 

=  5080  Ibs/in 

=  126  Ibs/in^ 

Mj-  z  82.9  Ibs-sec^/in 

2 

F  =46  in/sec 
a 

a>=  10.36/sec 
then 

z  61 . 3/sec^ 

/3  z  1 .52/in^- sec^ 

H  z  -1.19  in,  -5.23  in,  6.41  in 
o 

R  =  0.064 

r 

Note  that  the  solution  for  the  coefficient  of  the  nonlinear  harmonic  term  in  (2) 
above  differs  slightly  from  that  derived  for  the  cubic  spring  cose  in  the  text.  Equation 
16  in  the  text  was  derived  by  Duffing's  me tliod,  Reference  3, rather  than  the  perturbation 
method,  but  the  two  answers  agree  within  first  order  terms  in  /S  .  Since  /5  «  o< 
in  both  approaches,  the  numerical  results  would  be  in  good  agreement. 
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APPENDIX  F 

LINEARIZED  TRANSFER  FUNCTIONS  FOR 
VARIATIONS  IN  STRUT  DAMPING 


The  transfer  functions  presented  herein  are  applied  in  the  text  as  parametric 
variations  for  the  peak  values  only.  The  complete  frequency  response  functions 
are  useful  for  observing  shifts  in  resonant  frequency,  or  other  minor  chonges  in 
form,  so  they  are  presented  here  for  completeness. 
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TRANSFER  FUNCTION  -  T  FOR  Ft/q  -  LB/FT 


Tire  Pressure  =  90  psi 
V|^  =  88  fps 

ANALYSIS  METHODS: 

- Single  Gear 

Linear  Harmonic 
D  =  277  Lb-Sec/In 


Multi-Gear,  Fr3 
Nonlinear  PSD 


CYCLES  PER  SECOND 

FIGURE  142  :  Comparison  Between  Linear  and  Nonlinear  Tire  Force 
Transfer  Functions  with  Increased  Strut  Damping 
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Tire  Pressure  =  90  psi 
V|^  =  88  fps 


TRANSFER  FUNCTION]  ~  j  T  j  FOR  -  IN-LB/I=T 


Tire  Pressure  r  90  psi 
s  88  fps 


0  12  3  4  5  6 

CYCLES  PER  SECOND 

FIGURE  144  :  Transfer  Function  for  Wing  Root  Bending  Moment 
Single  Gear  Analysis 
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Tire  Pressure  z  90  psi 
z  B8  fps 


ANALYSIS  METHODS; 

- Linear  Harmonic  -  D  =  277  Lb-Sec/I 
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FOR  F,  ~  LB/FT 


Tire  Pressure  r  90  psi 
z  88  fps 


ANALYSIS  METHODS: 


0  12  3  4  5  6 


CYCLES  PER  SECOND 

FIGURE  146  :  Transfer  Function  for  Landing  Gear  Tire  Force 
Single  Gear  Analysis 
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ItRANSFER  FUNCTIOnI  ~  I  T  I  FOR  M^|  -  IN-LB/FT 


Tire  Pressure  =  90  psi 
V|^  =  88  fps 


ANALYSIS  METHODS: 


CYCLES  PER  SECOND 

FIGURE  148  :  Transfer  Function  for  Wing  Root  Bending  Moment 
Single  Gear  Analysis 
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Tire  Pressure  •  90  psi 
Vpi  =  88  fps 
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ANALYSIS  METHODS: 


CYCLES  PER  SECOND 


FIGURE  149  : 


Transfer  Function  for  Wing  Torsion  Moment  Inboard  of  Outboard 
Nacelle 


Single  Gear  Analysis 
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APPENDIX  G 

FIRST  APPROXIMATION  TO  THE  LINEARIZED  STRUT  DAMPER 
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FIRST  APPROXIMATION  TO  THE  LINEARIZED  STRUT  DAMPER 


In  the  event  thot  the  nonlineor  system  solutions  in  the  form  of  steody  stote  time 
histories  ore  rxjt  ovoiloble,  the  following  opproximote  method  moy  be  used  to  determirse 
on  equivolent  D  for  o  given  C, 


’D* 

(1)  Assume  that  for  stationary  rorxlom  response,  O' *^2:  0)0'^,  where 


is  the 


root-meon-square  value  of  center  of  grovity  occelerotion.  This  relotion  is  precisely 
true  for  pure  harmonic  functions;  orxJ  it  probably  approaches  validity  for  rortdom 
functions  with  only  one  or  two  sharp  resonant  peaks  in  the  neighborhood  of  the 
assumed  volue  of  u>.  Reference  12  derives  o  related  function  which  implies  that 

4*.  :  for  statiorory  rondom  dato;  ard  the  applicotion  of  this  in  Equation 

5^of  the  text^seems  to  indicote  that  the  relotionship  in  (1)  is  qualitatively  plausible. 

(2)  For  frequencies  of  excitotion  owoy  from  resoronces  corresportding  to  the  unsprung 
mass  of  the  lower  strut  (f  z  20  cps),  arxJ  the  rigid  body  mode  (f  z  1.25  cps)  os 
sprung  through  the  tires  to  the  grourxJ,  on  approximation  to  root-mean-square  strut 
velocity,  (f^ ,  can  be  made  by  assuming  2:  tf  .  (An  orwlysis  of  elementory 

frequency  response  curves,  such  os  in  RefererKe  9,  also  suggest  this,  since 


S  z  Z 


-  z  and,  at  low  frequencies,  z  will  have  very  low  omplitude  response) 


If  the  coupled  resorant  frequencies  of  the  tronsformed  three  mass  system.  Appendix 
C,  are  chosen  for  onalysis  of  damping  in  the  strut,  the  obove  assumptions  will  be 
approximately  volid,  since  these  frequencies  ore  about  equidistant  on  either  side  of 
the  low  frequency,  rigid-mode,  single-degree-of-freedom  resorance  point.  The 
relotion  in  (1)  may  then  be  expressed  os 


(G.l) 


(3)  Assume  the  linear  and  nonlinear  systems  are  to  have  the  same  maximum  positive 
strut  force  and  maximum  velocity,  i.e. 


'  ^d'nl 

mox  max 


""  ^NL 

max  max. 


(G.2) 


(4)  Use  the  relationship,  from  Reference  11,  for  the  average  peok  values,  such  as: 


max 


(G.3) 


avg 
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or, 


i  = 
max 

ovg 


then, 


^  =  ^d'nl 


mox 


(G.4) 


(G.5) 


The  righf  hand  side  of  equation  (G.5)  will  be  complefel/  known,  thus  ollowing  the 
calculation  of  on  opproximation  to  D. 


The  following  is  a  calculotion  of  D  using  the  obove  outlined  method  for  the  subject 
nonlineor  system;  Assuming  the  standord  configurotion  ot  o  taxi  speed, 


88  ft/sec,  the  following  is  known, 

14.1  ^-sec^/in^ 

2 

64.0  in/sec  (See  Figure  116  in  the  text) 


Equation  (G.5)  may  be  evaluated  at  the  significant  resonant  frequencies,  f  =  .95  arxl 
1 . 67  cps. 

Thus: 


.  .95c.  D  c 

I  216  Ib-sec/in 

...  ,  .-7  (1.41)  (14.1)  (64.0) 

'•"  "P'  - 

z  123  Ib-sec/in 

the  average  of  these  values  is  then  the  desired  value, 
216  +  123 

L'  “  r\ 


or 


D  z  170  Ib-sec/in 

which  compares  favorably  with  the  value  of  185  Ib-sec/in  derived  in  the  text. 
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It  should  be  noted  that  test  data  on  Air  Force  runway  X,  In  Reference  1 1,  would 

2 

give  a  value  of  0"^  64  In/sec  at  an  overage  taxi  speed.  Such  values  could  be 

obtained  from  several  sources  for  making  estimates  as  demonstrated. 
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appendix  h 
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The  equivalent  three  moss  system  referred  to  in  the  text  may  be  simplified  to  o  two 
moss,  undomped  system  for  purposes  of  quolitotive  study  involving  system  resoronces. 

This  simplificotion  yields  additional  insight  os  to  the  bosic  dynomic  phenomeno  involved 
in  this  problem. 

Since  the  mass  M  is  small,  it  may  be  neglected  along  with  the  relatively  small 
system  damping  which  connot  effect  frequencies  greatly.  Therefore  the  springs  K  and 
may  be  combined  in  series  to  give  a  single  equivalent  spring  K^,  as  follows; 

(H.l) 

The  equations  of  motion  for  the  resulting  system  ore  then. 


K  K 

K  .  0  > 

f  ■  K  +  K 
a  t 


M.Z,  +  (K-  K  )Z,  -  K  Z  =  F  sin  out 
f  f  f  s  f  s  s  o 


(H.2) 


M  Z  +  K  (Z  -  Z,)  =  0  (H.3) 

s  s  s  s  f 

where  F  =  K,q 

o  t^max. 

Equations  (H.2)  and  (H.3)  are  discussed  in  detoil  in  Reference  9,  but  the  salient 
points  will  be  summarized  herein. 

The  solution  of  this  system  is  given  by 
Z, 

(H.4) 

Z  =  Z  sin  tot 
s  sm 

with  Z,  and  Z  defined  as  the  maximum  magnitudes  of  Z,  and  Z  respectively  and, 
tm  sm  t  s 


(H.5) 
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1 


z 

sm 


Z 


static 


where 


(H.6) 


Figure  150  shows  a  three  dimensional  model  representing  the  response,  Z^  of  the 
moss,  Mp  in  a  range  of  frequency  near  its  resorwnt  frequency.  The  mass  ratio  M^/M^ 
is  held  constant  at  .  10.  The  figure  then  shows  that  when  the  ratio  of  absorber  frequency, 
to  drive  frequency,  cu^,  is  made  equal  to  U),  the  response  peak  for  t}>e 
"mam  mass,  "  is  greatly  attenuated.  As  co  is  varied,  with  to,  the  same  order  of 
magnitude  as  a)  ,  it  can  be  seen  from  the  figure  thot  Z^  posses  through  two  resorwnt 
peaks  on  both  sides  of  a  null  point.  As  observed  in  the  text,  this  situation  is  irxJicative 
of  the  resportse  of  the  center  of  gravity  acceleration  of  the  vehicle  urxler  study. 


In  the  special  situotion  where  to  =  when  OJ  approaches  oj  /  the  response 
of  M,  as  given  by  equation  (H.5)  and  goes  to  zero,  and  t^e  response  of  M*  as  given  by 
equation  (H.6)  goes  to  Equations  (H.5)  and  (H.6)  for  the  case*  cj  = 

may  be  written  as  a  function  of  drive  frequerwy  and  mass  ratio,  =  M  /A,  as 
follows:  * 


(H.7) 


(H.8) 


The  denominators  of  (H.7)  and  (H.8)  are  identical.  Indicating  that  both  M  ard 
have  the  same  resonant  frequencies.  These  frequencies  ore  determined  by  setting 
the  denominator  equal  to  zero  and  solving  for  the  frequencies, 


(H.9) 
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f^lGURE  150:  Typical  Two-Degre^ 
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Freedom  System  Resonance  Curves 


amped) 


(2  +  >1 )  ■»■  I  =  0 


(H.IO) 


or, 


(H.ll) 


These  solutions  ore  shown  grophicolly  in  Figure  151 .  To  relate  this  result  to  the  response 
curves  shown  in  Figure  150,  take  /u  z  .10.  From  Figure  151  this  gives  resonont 
frequencies  at  1.17ond  .85  times  the  naturol  frequency.  Since  co  =  w  enter 
Figure  (H.  1)  at  1/1.17  on  both  the  ^  ond  cu  /  to  scales,  this  snows  o 

resonant  peak  existing  for  these  coordinates.  Similorly'o  peo*ii  is  found  for  .85. 

For  <o  ^  cUp  the  resoront  frequencies  are  determined  by  solving  the  response 
equations  (H.  5)  ana  (H.6),  so  that  each  resorwnt  frequency  is  a  function  of  both  uj 
arvd  <jO^  for  a  known  mass  ratio. 

For  the  equivalent  example  airplane  system,  the  frequencies  are  obtained  as 
follows: 


the  equivalent  main  mass  spring  constant  {for  1/2  airplane)  is. 


and. 


^g'^t  (2)  (14,170)  (8330) 

^f  ■  K  +  K  '  14, 170  +  8330 

a  t 

I  10,480  Lb/In 


M  :  44  Lb-Sec Vin. 
s 

;  122  Lb-Sec Vin. 
r  2055  Lb/In. 

-  6.82  Rad/Sec, 


9.25  Rad/Sec 


Figure  151  may  be  used  to  an  approximation  if  the  above  frequencies  are  averaged, 
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CJ  = 


Also,  the  mass  rofio  is 


6.28  9.25 

2  -  8*04  Rad/Sec 


M 


u:?nXt:  '(H.t:7r,r;"rr  “"“‘f 

\n.D,  ond  (M.6)  (,.e.  (he  denominotor)  gives  the  soludotB, 


2  2' 

CJ  CO 

s 


1/2 


(H.12) 


yielding  resononces  of  .941  cos  and  1  M  ^oc  lU  t 

ond  cor  and  using  Figure  151  to  esri*  erefore,  overaging  the  frequencies 

moderate  range  of  values  when  ^  *  '’esononces  results  in  negligible  error  for 


<0. 


CO 


r 
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APPENDIX  I 

COMPARISONS  WITH 
ALTERNATIVE  METHODS  OF  ANALYSIS 
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COMPARISONS  WITH 


ALTERNATIVE  METHODS  OF  ANALYSIS 


The  feosibilify  and  usefulness  of  two  alternafive  methods  for  the  determination  of 
nonlinear  system  transfer  functions  hove  been  examined  as  port  of  this  program.  Fourier 
series  harmonic  arwlysis  arxi  cross-spectral  aralysis  may  both  be  included  in  the  brood 
category  of  generalized  harmonic  analyses  along  with  power  spectral  techniques.  Thus, 
results  of  these  several  methods  will  be  compared  briefly  in  this  appendix. 

I.  Nonlinear  Harmonic  Analysis 

This  section  presents  the  principal  results  of  the  Fourier  harmonic  arwlysis  of  the 
nonlirwor  system  discussed  in  the  text.  Note  thot  in  Tables  6  through  8  the 
furdamental  harmonic  is  olways  defined  os  being  of  the  same  frequency  as  the  force 
exciting  the  system.  Both  the  omplitudes  and  phase  ongles  are  tabulated  for  the 
harmonics  which  contribute  most  of  the  response. 

Figures  152,  153  ond  154are  shown  for  comparison  of  the  amplitudes  of  the  norr 
linear  transfer  function  obtained  by  PSD  methods  with  the  amplitudes  of  the  some  function 
calculated  from  peok-to-peak  readings  as  discussed  in  the  text. 

Also  shown  on  the  figures  is  the  amplitudes  including  the  summation  of  all  tlie 
harmonics  from  1  to  10,  regardless  of  phase  angle,  to  see  if  any  improvement  can  be 
obtained  by  this  method.  Since  no  improvement  over  the  linearized  results  of  the  text 
can  be  observed,  the  method  does  not  seem  to  be  warranted. 

2.  Cross-Spectral  Analysis  of  the  Nonlinear  System 

Cross-spectral  density  analysis  as  defined  in  the  text,  could  conceivably  add  new 
information  through  its  cognizance  of  system  phase  relationships.  However,  comparisons 
with  the  PSD  method  in  Figures  155  through  159  show  no  marked  differences.  Apparent¬ 
ly  the  added  complexity  of  cross-spectral  arwlysis  merely  tends  to  add  to  random  scatter 
in  data  reduction,  and  makes  no  significant  contribution  to  nonlinear  frequency  response 
studies. 
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TRANSFER  FUNCTION  |  ~  |  T  |  FOR  F^/q  -  LB/FT 


ANALYSIS  METHODS: 

Nonlineor  PSD 
O  Vh  =  66  Ft/Sec 
Nonlinear  Harmonic 
0  r  55  Fl/Sec  (Peak  to  Peak) 


CYCLES  PER  SECOND 

FIGURE  152  :  Comparison  of  Transfer  Functions  from  the  Nonlinear  PSD  and  the 
Nonlinear  Harmonic  Methods  for  Main  Gear  Tire  Force 

Single  Gear  Analysis  for  Normal  Configuration 
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I  TRANSFER  FUNCTION  I  -  |t|  FOR  M^l/q,  ~  IN- LB/FT 


ANALYSIS  METHODS: 

Nonlinear  PSD 

O  Vh  :  66  Ft/Sec 
Nonlinear  Harmonics 

□  Vh  =  55  Ft/5ec  (Peck  to  Peak) 


0  1  2  3  4  5  6 

CYCLES  PER  SECOND 


FIGURE  153  :  Comparison  of  Transfer  Functions  from  the  Nonlinear  PSD  and  the 
Nonlinear  Harmonic  Methods  for  Wing  Root  Bending  Moment 

Single  Gear  Analysis  for  Normal  Configuration 
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NSFERFUNCTION  ~  T  FOR 


ANALYSIS  METHODS: 
Nonlinear  PSD 


O  I  66  Ft/Sec 
Nonlinear  Hormonics 


CYCLES  PER  SECOND 

FIGURE  154  :  Comparison  of  Transfer  Functions  from  the  Nonlinear  PSD  and  the 
Nonlinear  Harmonic  Methods  for  Wing  Torsion  Moment  Inboard  of 
Outboard  Nacelle 

Single  Gear  Analysis  for  Normal  Configuration 
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|tRANSFER  FUNCTIOnI  ~  I  T  I  FOR  F^3  ~  LB/1=T 


ANALYSIS  METHODS: 

- Cross  Spectral  -  ■  44  Ff/5ec 

- Power  Spectral  -  r  44  Ft/5ec 

4)  Input  -  q 


0  12  3  4  5  6 

CYCLES  PER  SECOND 


FIGURE  155  :  Comparison  of  Transfer  Function  by  Cross-Spectral  arxJ  Power 
Spectral  Methods  for  Rear  Main  Tire  Force,  F^3 

Multi-Gear  Analysis  for  Normal  Configuration 
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TRANSFER  FUNCTIONSj  ~  T  |  FOR  Fj3  ~  LB/FT 


ANALYSIS  METHODS: 

- Cross  Spectral  -  =  88  Ft/5ec 

— "  Power  Spectral  -  r  88  Ft/5ec 


0  1  2  3  4  5  6 

CYCLES  PER  SECOND 


FIGURE  156  :  Comparison  of  Transfer  Functions  by  Cross-Spectral  and  Power 
Spectral  Methods  for  Rear  Main  Tire  Force,  Ff3 

Multi-Gear  Arxilysis  for  Normal  Configuration 
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transfer  function 


analysis  METHODS: 

Specfral  - 
“  Power  Spectral  - 


=  22  Ft/Sec 
-  22  Ft/5ec 


4 

CYCLES  PER  SECOND 


figure  159 


spec^oi  MeldX' wf;to7 

°“^Analy,isforNo™olCo„fig„,„„„„  ^ 
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Tire  Force 


Multi-Gear  Analysis  for  the 
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ELLIPTIC  FUNCTION  SOLUTIONS  FOR  THE  NONLINEAR  SYSTEM 


I .  Summory  of  Applications  to  the  Reseorch  Problem 

One  of  the  desired  refererjces  Is  nor  readily  available  to  engineers  in  general,  so  a 
portion  of  it  is  reproduced  In  this  appendix  of  the  report. 

A  closed-form  solution  for  the  nonlinear  differential  equations  was  demonstrated  In 
0  thesis  submitted  to  the  Applied  Mechanics  Department  at  Virginia  Polytechnic  Institute.* 
The  method  ot  solution  is  presented  in  a  later  section  of  this  appendix.  Since  the  nomen¬ 
clature  used  in  the  method  of  solution  differs  somewhat  from  that  used  in  the  main  body 
of  this  report,  o  separate  list  of  terms  arxi  symbols  appears  in  the  next  section  of  this 
appendix.  In  most  coses  the  terminology  is  similar  to  that  used  in  Reference  19,  thus 
allowing  the  basic  theory  and  detailed  diagrams  of  thot  reference  to  be  used  os  on  aid 
in  following  the  derivations  in  this  appendix. 

Since  the  analytic  solutions  ore  obtained  only  for  landing  conditions  with  on  initial 
sinking  velocity,  the  principal  application  to  the  taxiing  problem  arises  through  the 
prediction  of  the  nonlinear  strut  damping  energy  absorption  per  cycle.  This  energy  con 
then  be  used  to  predict  the  linear  system  damper  required  to  produce  equivalent  perform¬ 
ance. 

The  results  ore  examined  only  briefly  for  validity  of  magnitudes,  relative  to  strut 
damping  prediction,  since  only  the  feasibility  of  solution  by  elliptic  function  analysis 
was  to  be  studied  os  part  of  this  methods  research  program. 

In  the  most  simple  concept,  if  the  system  is  given  an  initial  velocity,  the  elliptic 
function  solution  amplitudes  may  be  expected  to  decay  os  shown  in  the  sketch  that 
follows; 


*  Thesis  manuscript  prepored  by  J  .  G.  Theisen  in  August,  1956. 
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when  this  decaying  function  of  upper  mass  acceleration,  u^  ",  is  applied  in  Equation 
62  in  the  text,  a  logarithmic  decrement  can  be  estimated,  ossumirsg  a  certain  periodicity 
requirement  for  the  equivalent  linear  system.  Since  the  strut  contributes  oil  the  damping 
in  the  closed  form  solution,  the  energy  per  cycle  of  strut  oscillation  con  be  computed 
for  the  nonlinear  system  by  standard  procedures.  Finally,  Equation  50  in  the  main  report 
can  be  used  to  predict  the  equivalent  linear  damping  coefficient. 

Unforturotely,  preliminary  attempts  to  establish  the  damping  in  this  rrxinner  resulted 
in  physically  untenable  situations.  The  elliptic  function  solutions,  at  least  far  certain 
rar>ges  of  the  airplane  parameters,  become  discontinuous  in  time.  This  is  probably  due 
to  the  stipulation  in  the  derivation  that  the  differential  equations  os  applied  are  only 
valid  for  strut  closure,  because  of  the  quodrotic  damper.  Further  study  is  needed  to  test 
the  feasibility  of  this  method. 

An  alternative  method  vros  investigoted  briefly.  The  solution  for  u(©^)  in  the  text 
of  the  thesis  which  is  presented  later  in  this  appendix,  is  continuous  in  time  for  at  least 
the  first  holf  period  of  motion  during  o  larding  impact.  Although  the  "half  period"  of 
the  nonlinear  system  is  different  from  that  of  the  lirvear  system,  knowledge  of  the  energy 
dissipation  of  the  nonlirsear  system  over  its  first  holf  prriod  should  yield  sufficient  infor- 
nxition  to  predict  the  linear  damper  required  to  absorb  the  same  amount  of  energy  in  the 
equivalent  time  period. 

To  check  on  feasibility  of  the  method,  the  simplest  mathematical  corditions  are 
selected  within  the  limitotians  of  o  realizable  physical  system.  In^particular,  it  is 
assumed  that  there  is  no  strut  friction,  so  B,  =  0;  and  that  ^  /  which  results 

in  H  =  I  for  the  thesis  equations.  Then  if  X(x)  is  defined  as 

X(x)  r  3/2i[P  (  1  - 
Equation  75J  in  the  thesis  text  becomes 


where  the  sd(  X  |  1/2)  is  an  elliptic  function,  as  defined  in  Reference  15,  having  the 
argument  X  and  the  parameter  m  =  1/2.  The  initial  nordimensional  sinking  speed  of 
the  upper  mass  is  u  '  . 

o  , 

Also,  the  appropriate  combination  of  Equations  36J,  45J  and  46J  in  the  thesis  yields 
the  expression 


dx 


4L 

2Y 
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Since 


dX  = 


dx  = 


2Ydx 


then, 


d\  z 


dX 


(2J) 


The  struf  telescoping  velocity  is  defined  os 


Z 

u 


and,  from  Equations  35J  ond  40J  in  the  thesis. 


Then,  since  Y  =  /u",  the  substitution  of  Eqixition  IJ  Into  3J  results  in 


(3J) 


(4J) 


With  H  =  1 ,  Equation  73J  in  the  thesis  may  be  written  os 

cd  (x|i) 


2s in 


VT"  J 


7rr 


The  total  energy  absorbed  during  the  first  half  period  of  strut  motion  is  given  for 
the  nonlinear  system  by 


E 


NL 


(5J) 


where  T  is  defined  using  Equation  36J  of  the  thesis,  with  0^,  the  nondimensionol  time 
corresponding  to  the  half  period  argument  of  the  elliptic  function  solution,  given  by 

(X  .  2K)  =  TT 
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Thus, 


T  . 


(iJ) 


Substituting  Equations  2J  ond  4J  into  Equation  5J,  the  nonlinear  energy  expression  becomes 


The  linear  system  corresponding  to  the  previously  solved  nonlirwor  equations  moy 
expressed  os  follows; 


(7J) 

be 


M  Z,  +  D(Z,  -  Z  )  -f  L  -  W  =0  (8J) 

o  f  f  u  o 


The  same  physical  assumptions  are  made  in  the  derivation  of  these  equations  as  are 
made  for  the  nonlir>ear  system;  i.e.,  M  =  0,  K  =0,  and  :  0.  However,  for 
Kg  =  \/9  the  wing  lift,  L,  is  approximately  equal  to  the  weight,  W  ,  within  o  few 
percent  for  the  case  selected;  so  the  linear  solution  is  simplified  by  the  ossumption  that 
L  =  W  .  The  error  in  strut  energy  dissipation  resulting  from  this  assumption  is  probably 
negl  igi^e. 

The  linear  solution  for  strut  stroke  velocity  rriay  then  be  determined  by  standard 
procedures  as 


e 


-(P  + 


(lOJ) 


where 


P  z  K|/2D 

=  K  /M 
o  t  o 
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and 


,2  2 

J  S  P 


to  0 
o 


The  linear  energy  integral  equivalent  ta  Equation  5J  moy  be  written  os 


Therefore,  the  lir>ear  system  energy  dissipated  over  the  time  corresponding  to  the  first 
half-period  of  the  nonlinear  solution  is 


M  z 
o  o 


1  - 


P-  J 

2J^ 


pe 


-2  (p  4  J)T  /p  4  J\  -2(p  -  J)T 


2J' 


pe 


(IIJ) 


The  mture  of  the  solution  predicates  a  trial  -  ard  -  error  evaluation  for  the  value 
of  D  which  will  satisfy  the  desired  relation, 


'l  = 


(I2J) 


A  set  of  parameters  were  selected  to  correspond  approximately  to  the  example  airplane 
with  60  psi  tires  as  used  on  the  analog  computer.  The  values  are  given  per  half  airplane 
as  follows: 


=  28.2  Lb-Sec^/ln^  (two  struts) 

z  10,466  Lb/ln  (two  struts) 

W  =  63,700  Lbs 
o 

z  z  84  In/Sec 


For  these  conditions,  the  elliptic  solution  half  period  corresponds  to  a  time,  T,  of 
approximately  0.39  seconds.  In  this  time-period.  Equation  5J  yields 

332,300  In-Lbs 
NL 
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The  required  linear  system  energy,  to  sotisfy  Equation  12J,  con  be  obtained  with  the 
volue 


D  »  185  Lb-Sec/In. 


This  result  is  in  rertxjrkobly  good  agreement  with  the  volue  of  D  predicted  by  the  more 
complex  analog  solutions  in  the  main  text. 


The  most questioroble  volue  used  in  the  obove  onolysis  is,  possibly,  the  selection  of 
z^=  84  ln/5ec.  This  sinking  speed  wos  selected  for  the  landing  impact  to  insure 
operation  at  about  the  some  position  on  the  nonlinearity  of  the  strut  os  that  usually 
encountered  in  taxiing  over  the  LoGuordio  rurrwoy.  The  84  In/Sec  sinking  speed 
yields  o  gear  load  foctor  of  approximately  ^he  exomple  airplane.  While 

toxiing,  the  goor  load  should  correspond  to  less  than  this  value  about  84  percent  of  the 
time . 


There  is  no  contention  that  the  form  or  magnitude  of  the  linearized  solution  time 
history  will  conform  with  that  of  the  nonlinear  system.  However,  it  does  seem  possible 
to  establish  on  energy  equivalence  condition  from  these  rather  simple  solutions. 

The  numerical  evoluotion  of  the  elliptic  function  solution  is  only  slightly  more  dif¬ 
ficult  than  that  of  o  simple  trigorsometric  solution.  The  elliptic  functions  ore  tobuloted 
in  the  most  convenient  form,  however,  in  Reference  15.  Most  other  tabulations  ore  in 
on  integrol  form  not  convenient  in  this  problem. 

The  neglect  of  strut  oir  compression  force  voriotion  presents  o  problem  requiring 
further  investigation.  Wing  flexibility  effects  ore  only  of  secondary  influence  to  strut 
domping  force,  so  this  neglect  should  not  be  important.  However,  some  preliminary 
analysis  indicates  that  further  research  could  possibly  develop  methods  for  including 
these  effects  olso. 

The  remainder  of  this  oppendix  presents  excerpts  from  the  thesis  which  forms  o 
basis  for  the  previous  derivations.  Liberties  hove  been  token  to  revise  the  text,  at 
the  discretion  of  the  author,  so  os  to  reduce  the  length  of  presentation. 
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2.  Nomenclature 


A 

n 


'd 

D 

E(<l),k) 


F((il,k) 


2  2 

coefficient  of  quadratic  damping  terms,  - »  ,  Lb-Sec  /in 

2(c,a  y 
d  o 


pneumatic  areo,  Ft^ 


hydraulic  aren,  Ff^ 


area  of  opening  in  orifice  plate,  Ff^ 


coefficient  of  friction-force  term. 


2  Aid 


orifice  discharge  coefficient 

linear  viscous  damping  coefficient,  Lb-Sec/Ff 
i  E{Y‘)  Legendre's  incomplete  elliptic  integral  of  the  second  kind 
energy  dissipated  by  the  linear  system  damper 

energy  dissipated  by  the  nonlinear  system  damper 

■  f-  incomplete  elliptic  integral  of  the  first  kind, 

T-.  ('  - 

air  compression  force  In  strut,  Lb 
axial  friction  force  in  strut,  Lb 
hydraulic  resistance  force  in  the  strut.  Lb 
total  axial  shock-strut  force,  Lb 
vertical  force,  applied  at  the  ground.  Lb 
normal  force  on  upper  bearing  (attached  to  inner  cylinder).  Lb 
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nornxil  force  on  lower  bearing  (attached  to  outer  cylinder),  Lb 


2  /I 


constant  satisfying  equal  energy  condition,  /I - 


quarter  period  of  elliptic  function  argument 
- 

VP  ■  “o 

nondimensional  constont  depcrxient  on  wing  lift  arxJ  strut  friction 

K,  ( I  -  B,)W^ 

slope  of  the  assumed  tire  deflection  curve,  Lb/pt 


wing- lift  force,  Lb 

upper  moss  of  airplane  (above  the  strut),  slugs 


approximation  to  the  average  distance  between  bearing  surfaces  during 


the  impact,  ^  Rj  +  ^  j  -  ^(b^  -  b^)  J  /  F* 

axial  distance  between  upper  and  lower  bearings,  for  fully  exterded 
shock  strut.  Ft 

total  weight  of  system,  W  +  W  ,  Lb 

o  u 

weight  of  the  upper  mass  above  strut.  Lb 


weight  of  the  lower  mass  below  strut.  Lb 


outer  radius  of  upper  bearing,  attached  to  Inner  cylinder.  Ft 


outer  radius  of  lower  bearing,  attached  to  outer  cylinder,  Ft 


horizontal  distance  from  the  axle  to  the  strut  centerline.  Ft 


base  of  natural  logarithms  (~  2.71828  .  .  .) 
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9 

k 

y 

p 


p 

a 


P 

a 

o 


s 


$ 

m 


t 


t. 

I 


T 

u 


u 

m 


V 

o 


X(x) 


z 

u 


2 

gravitational  constant,  Ft/Sec 

modulus  of  Jacobian  r^lliptic  functions  and  integrals 

polytropic  exponent 

K/2D 

air  pressure  in  upper  strut,  psi 
initial  air  pressure  in  upper  strut,  psi 


pressure  in  the  lower  chamber  of  the  strut,  psi 
shock-strut  stroke  (displacement),  (Z^  -  Z^),  Ft 
nxjximum  possible  stroke  (fully  closed  strut).  Ft 


time  after  contact.  Sec 


time  after  contact  before  the  equations  of  motion  apply  to  the 

0.0508  , 

system,  _  ,  Sec 

z 

o 


time  corresponding  to  the  first  iKilf-period  of  nonlinear  system.  Sec 


dimensionless  lower-mass  displacement  from  position  at  initial  contoct 


maximum  value  of  displacement  during  a  given  impact 


dimensionless  upper-mass  displacement  from  position  at  initial  contact 


dimensionless  initial  contact  velocity 

3 

initial  air  volume  within  strut,  Ft 


elliptic  function  argument;  function  of  (x) 
verticol  displacement  of  the  upper  mass,  Ft 
vertical  displacement  of  the  lower  mass,  Ft 
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The  use  of  dots  over  symbols  indicofes  differenfiotion  with  respect  to  time,  t. 

Prime  marks  indicate  differentiation  with  respect  to  dimensionless  time,  Q^,  when  the 
mark  follows  the  symbol;  and  with  respect  to  x  when  the  mark  is  above  the  symbol. 
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3.  Introductory  Discussion 


The  jolution  of  the  equations  of  motion  of  an  aircraft  fuselage- landing  gear 
configuration  during  lartdings  is  of  interest  to  the  designer  who  must  predict  the  lending 
loads  which  an  airplone  encounters  in  service.  In  gerterol  such  solutions  ore  difficult 
because  of  the  highly  nonUnear  characteristics  of  the  oleo-pneumotic  shock  strut  which 
couples  the  lower  mass  of  the  lending  gear  to  the  fuseloge. 

In  the  past,  otfempfs  to  obtain  solutions  by  linearization  of  these  shock  strut  char¬ 
acteristics  hove  resulted  in  unrealistic  predictions  of  landing  geor  motions.  Therefore, 

It  has  been  necessary  to  corry  out  most  of  the  theoretical  artalysis  associated  with  land¬ 
ing  gears  by  meons  of  numerical  Integration  procedures.  These  numericol  methods  aie 
tedious ,  and  as  a  result  a  large  portian  af  design  work  has  been  carried  out  by  means 
of  trial  ard  error  drop  testing  of  a  system  of  masses  representative  of  an  airplane  and 
larding  gear.  This  in  turn  lias  proved  to  be  time  consuming  ard  expensive. 

This  nKJnuscript  presents  the  closed-form  analytical  solution  of  the  equations  of 
motion  for  a  bosicolly  nonlinear  system  which  closely  resembles  an  actual  airplone  ard 
larding  geor  configuration.  Tlie  nonlinear  system  considered  has  two  degrees  of  freedom 
ord  is  composed  of  o  large  mass  representative  of  the  fuselage-wing  combination  con¬ 
nected  by  an  oleo-pneumatic  shock  strut  to  a  wheel .  The  shock  strut  is  assumed  to  have 
velocity-squared  hydraulic  damping  ard  coulomb  friction  forces  on  the  strut  beorings. 
The  nonlineor  spring  characteristic  of  the  tire  is  represented  by  a  sectionally  linear 
spring. 

In  the  first  part  of  this  paper  the  equations  of  motion  for  the  nonlinear  system  are 
derived  making  use  of  a  few  simplifications  which  previous  papers  have  shown  to  be 
justified.  Also,  the  degree  to  which  these  assumptions  limit  the  results  is  discussed. 
Next  these  equations  of  motion  are  solved  in  analytical  form  by  a  method  which  may 
be  called  "equivalent  nonlinearization.  "  It  is  shown  that  this  solution  Is  exact  only 
for  a  specific  comblrKition  of  Impact  parameters,  but  that  for  a  wide  range  of  parom- 
eters  the  solution  describes  the  motion  of  the  system  adequately  for  design  purposes. 
Finally,  a  few  analytical  solutions  are  compared  with  solutions  obtolned  by  numerical 
integration  methods;  and  the  results  are  compared  with  experimental  data  for  atypical 
landing  impact. 
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Other  investigations  hove  indicated  that  flexibility  of  the  fuselage  and  wing 
structure  of  an  airplatse  usually  has  only  a  small  effect  on  landing  geor  shock  strut  per¬ 
formance  (References  29  ,  30  and  31).  For  this  reason,  in  the  dynamical  system  to  be 
investigated,  the  fuselage, wing,  and  empennoge  of  the  airplane  rrxay  be  represented 
by  a  single  large  rrKJSs,  W^,  which  is  assumed  to  hove  freedom  only  in  vertical  trans- 
loti  on  designoted  by  a  coordinate  Z^.  The  lower  mass,  W  ,  which  is  considerably 
smaller  lies  below  the  oleo  strut  atxJ  consists  principally  of^ the  wheel,  tire,  axle, 
atxJ  strut  inner  cylinder  assembly  (as  shown  in  Figure  4  of  the  nx)in  text).  The  strut 
is  assumed  to  be  infinitely  rigid  in  berxJing.  Horizontal  forces  at  the  axle,  usually 
called  drag  or  spring  bock  loads,  will  not  be  considered  in  this  investigation.  Theie- 
fore,  the  lower  mass  Ixis  freedom  only  in  vertical  translation  desigrxited  by  the 
coordirxite  Z  .  Lift  forces  are  externally  applied  to  the  system  to  represent  aero¬ 
dynamic  lift,  but  nonsteady  aerodynamic  effects  are  neglected. 

The  shock  strut  axial  force,  F  ,  Iws  three  principle  compoiients  as  fallows: 


F 

s 


F,  +  F  +  F, 
h  a  t 


(13J) 


where 


stru*  (quadratic  damping  force). 

F  is  the  polytropic  air  compression  force  within  the  strut, 
a 


F 


f 


is  the  strut  axial  friction  force  resulting  from  sliding  friction  of  the 
bearing  surfaces. 


These  quantities  are  derived  and  discussed  in  detail  in  Reference  19,  so  further 
elaboration  will  not  be  given  here,  except  for  a  special  form  of  Fj.. 


Friction  forces  within  the  strut  result  from  the  relative  sliding  of  bearing  surfaces 
on  the  inner  and  outer  strut  cylinders.  Ground  drag  loads,  F^,  produce  forces  F^  and 
F2  normal  to  the  strut  bearings  (as  shown  in  Figure  4  in  the  main  text),  but  drag  loads 
are  neglected  in  this  analysis.  However,  for  some  types  of  landing  gears,  vertical 
loods  applied  at  the  axle  are  eccentric  to  the  strut  center  line  and  produce  a  bending 
moment  which  Is  resisted  by  forces,  F|  and  F^/  normal  to  the  upper  and  lower  bearing 
suifaces  respectively.  Conditions  of  relatively  high  normal  pressures,  slow  sliding 
velocities  of  the  bearing  surfaces,  and  the  poor  lubricating  properties  of  the  hydiaulic 
fluid  lead  to  the  conclusion  that  the  Internal  friction  forces  may  follow  laws  similar  to 
those  of  dry  (coulomb)  friction;  that  is,  the  friction  force  is  proportional  to  the  normal 
force.  Other  landing  gear  studies  have  used  this  same  relationship  (References  19  and 
34),  although  at  present  no  conclusive  experimental  evidence  in  support  of  this  as¬ 
sumption  Is  available. 
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If  it  is  assumed  thof  the  friction  coefficient  is  the  some  on  each  sliding  surface,  then 
the  strut  axial  friction  fnrce,  may  be  determirwd  from  the  equation 

+  F2I]  C'J) 

or,  since  summation  of  horizontal  forces  Indicates  that  Fj  -  ^2  ° 

excenfric  axle  arvJ  no  drag  loads. 


F 


f 


(15J) 


w 


here 


^  coefficient  of  friction  for  bearing  surfaces 


—  factor  to  irxJicate  sign  of  friction  force 
Isl 


F, 


normal  force  on  the  upper  bearing 


normal  force  on  the  lower  bearing 


If  is  desirabie  to  obtain  F^  in  terms  of  the  resultant  axial  force  within  the  strut  ex¬ 
pressed  by  I  distance  between  the  upper  and  lower 

bearing  surfaces  for  the  fully  extended  strut,  then  this  distance  may  be  expressed  as 
(R^  -I-  s)  for  any  other  strut  position.  Considering  the  forces  applied  to  the  lower  strut 
piston  as  a  free  body,  and  taking  moments  about  the  intersection  of  the  strut  centerline 
and  the  line  of  action  of  (refer  to  Figure  4  of  the  main  text),  the  equation  for  F^  is 


(R^  + 


{I6J) 


where  b^  and  b^  are  the'outer  radii  of  the  upper  and  lower  bearings,  respectively,  and 
d  is  the  distance  from  the  axle  to  the  strut  center  line.  Since  F^  r  F2/  the  equation 
for  F^  may  be  found  as 


[(Rj  ^  5)  (b^  -  b^)] 


{I7J) 
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r 


In  order  to  obtain  o  solution  os  presented  in  this  paper,  it  is  necessary  to  express 
the  quantity  -t-  *  ’  “^2  as  a  constant.  A  similar  assumption  was 

mode  in  Reference  34.  If  Rj  is  large  with  respect  to  the  maximum  value  of  s  which  is 


possible,  s  ,  then  a  reasonable  constant  to  use  would  be 


m 


fe*  ; 'fj.:  V 


r  R  where  R  is  approximately  an  overage  distance  between' the  faring  surfaces, 
s  usually  is  quite  well  defined  by  the  strut  geometry,  and  the  accuracy  of  this  assump¬ 
tion  for  R  depends  on  il«  particular  strut  being  considered.  The  friction  forces  are  often 
quite  smoft  for  the  simple  vertical  impact  case;  aixJ  the  inclusion  of  friction,  as  will  be 
shown,  does  not  complicate  the  final  solution  obtained.  Therefore  it  was  felt  that  this 
term  should  be  included  for  possible  future  studies  on  the  qualitative  effects  of  friction 
in  the  landing  gear. 


The  normal  bearing  force  from  Equation  17J  rryay  now  be  expressed  as 
d 


F.  ft 


(18J) 


and  from  Equation  15J 


p  .  _L  JjiA  jp 

^  ■  Isl  ^ 


(19J) 


F  Is  the  total  axial  strut  force,  and  as  stated  previously,  it  can  be  expressed  as 
the  summation  of  the  strut  Internal  forces; 


F  r  F.  +  F  +  F, 
s  h  a  f 


(20J) 


For  this  analysis  the  portions  of  rrass  comprising  the  inner  and  outer  cylinder  of  the 
strut  are  considered  to  be  weightless,  and  their  weights  are  included  with  the  major 
portion  of  the  masses  to  which  they  are  respectively  attached.  The  assumption  that  the 
center  of  gravity  of  the  lower  mass  lies  at  the  axle  center  line  also  is  a  usual  stipu¬ 
lation  in  such  an  analysis. 

Recent  data,  References  19  and  35,  indicates  that  the  dynamic  force  deflection 
characteristics  of  the  tire  may  be  sharply  nonlinear  for  small  deflections,  but  can  be 
represented  by  a  linear  approximation  with  only  minor  loss  in  accuracy  for  the  major 
remaining  portion  of  the  curve.  Thus  a  linear  segment  approximation  to  the  true  tire 
spring  rrxjy  be  made  as  in  Figure  161 .  For  the  27-inch-diameter  tire  being  considered  in  the 
appendix  ,  this  assumption  gives  no  force  for  deflections  less  than  Z  =  0.0508  foot, 
and  a  coretant  slope  thereafter.  Such  a  representation  seems  to  be  entirely  adequate 
for  most  practical  purposes  as  shown  in  Reference  19. 


If  F 


spring  K 


^  is  defined  as  the  vertical  force  on  the  ground  resulting  from  deflection  of  the 
then  the  force  may  be  written 
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F  =  0  for  0  <  Z  <  0.0508  Ft  (21J) 

t  u 

F  =  K  Z  for  Z  >  0.0508  Ff  (22J) 

t  t  u  u 

Firolly,  the  wing  lift  from  aerodynamic  forces  is  represented  by  the  force  L 
acting  thraugh  the  center  of  gravity  af  the  upper  af  fuselage  mass.  Because  af  the 
very  short  time  involved  to  complete  the  impact,  the  wing  lift  can  reosonably  be 
assumed  ta  be  a  constant.  Experimental  data,  Reference  36,  indicates  that  for 
most  landings  the  wing  lift  at  graund  contact  is  very  nearly  equal  to  the  v/eight  af  the 
airplane.  During  the  experimental  drop  tests  used  far  camparisans  with  theory.  In  this 
appendix  analysis,  the  wing  lift  farce  was  simulated  so  that  It  was  equal  ta  tf>e  weight 
of  the  test  model . 
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a.  Derivotion  of  the  Equofions  of  Motion 


With  F  and  F  defined  os  in  the  preceeding  section,  the  equations  of  motion  may 
be  written  m  single  Vorm.  Considering  the  summation  of  vertical  forces  on  the  lower 
moss,  Figure  4,  the  motion  of  the  oxle  is  given  by  the  equation 


W 

F  -  F  4  W  =  —  Z  (23J) 

s  f  u  g  u  '  ' 

Similorily,  the  verficol  motion  of  the  moin  mass,  *  M^,  {ossuming  M  r  0) 
is  determined  by  the  equatian  ' 

W 

F  4  L  -  W  - - ^  Z,  (24J) 

s  a  g  f 


Where  L  is  the  wing-lift  force  os  defined  earlier.  If  Equotions  23J  ond  24J  ore  combined, 
the  overoll  balance  of  forces  con  be  expressed  by 

W  W 

F  4  L  -  W  =  -  — ^  Z,  -  —  Z  (25J) 

t  g  f  g  u 

where 

W  =  W  +  W 
o  u 

Any  two  of  these  equotions  is  sufficient  to  obtain  a  solution,  since  there  are  two  degrees 
of  freedom.  In  this  derivation,  Equotions  23J  ond  25J  will  be  used. 


In  order  to  obtain  Equotion  23J  in  a  more  desirable  form  we  must  express  the  strut 
axial  force  more  explicitly.  From  Equation  20J 


F  =  F.  4  F  4  F, 
s  h  a  f 


or,  since  the  air  pressure  force  is  neglected  for  the  reasons  given  in  Reference  19, 


F  I 
s 


(26J) 


Some  simplifications  become  obvious  at  this  point.  Since  the  strut  compression  process 
only  is  of  interest  for  landings,  the  strut  velocity  and  strut  axial  force  will  alwoys  be 
positive.  Therefore,  the  absolute  value  signs  may  be  removed  so  that 
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(27J) 


w 


here 


/>.A 


h^h 


'd  ’  .  \2 


'('A)' 


B  - 

'  V 


Eqoafion  27J  can  be  solved  for  giving 


F  - 

^  -  (1  -  B^) 


(28J) 


Using  the  definition  for  s  substitute  F^  and  F  from  Equations  22J  and  28j  into 
Equations  23j  and  25J  with  the  result 


W 

‘  0" 


2 

(Zf  -  z  )  +K,Z  -  W  r 

“  D^)  V  t  U  /  t  U  U 


(29J) 


W 


W 


--  Z,  +  —  Z  +  K  Z  +  L  -  W  :  0 
g  f  g  ‘J  ^  u 


(30J) 


Note  that  the  net  effect  of  including  the  friction  force  in  the  equations  of  motion 
is  only  to  change  the  constant  coefficient  of  the  quadratic  damping  term.  In  References 
19  and  38  it  has  been  determined  that  since  the  lower  mass  is  a  relatively  small  fraction 
(less  than  I/I 8)  of  the  total  mass,  the  system  may  be  simplified  even  further.  Calcula¬ 
tions  made  in  these  references  indicate  that  the  lower  mass  may  be  assumed  to  be  equal 
to  zero  without  greatly  modifying  the  results.  Using  this  assumption,  Equations  29J  and 
XJ  may  be  written  as 


(^f  -  ^u^' 


(1  -  B^) 


Z  =  0 
u 


(31J) 


gK 

^f  ^  w~ 


z  +  (L  -  W  ) 
u  o  W 

o  o 


=  0 


(32J) 


( 
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These  are  the  equatioru  to  be  solved.  The  initial  conditions  for  the  verticol  impact 
ore  given  by 

t  :  0 

Zf  =  Z,  =  0  (33J) 


However,  the  assumption  of  Equation  21 J  implies  that  the  system  must  move  o  distance 
equal  to  0.0508  foot  after  initial  contact  before  any  finite  grourd  reaction  can  develop. 
Since  Equations  31J  ard  32j  assume  that  the  ground  reaction  increases  lineorly  with 
deflection,  these  equations  do  not  apply  until  some  time  t.  after  contact.  The  initial 
velocity  rerrxiins  essentially  constant  over  this  very  short  interval  of  time,  so  t.  can 
be  found  from 


t.  : 

I 


0.0508 

z 

o 


(34J) 


The  initial  conditions  33J  still  apply  to  the  equations  of  motion  in  this  case  with  the 
coordinate  system  transformed  so  that  the  tire  force-deflection  curve  passes  through 
zero.  In  plotting  the  solutions,  all  results  must  be  displaced  in  time  by  t.  seconds, 
and  the  displacements  will  have  0.0508  foot  added,  to  indicate  the  actual  distance 
through  which  the  model  has  moved. 


b.  Introduction  of  Dimensionless  Variables 


The  Mlutlon  of  Equations  31 J  and  32J  depends  on  six  parameters,  namely, 

C  B 

D'  f'  - ,  K  ,  L,  ard  z  .  It  is  desirable  to  reduce  the  number  of  parameters, 

g  t  o 

and  this  can  be  done  by  introducing  generalized  variables  u  and  u^  in  the  following 
tra  nsformations: 


_52!_7 

“  -  W  (1  -  B,)  u 
o  t 


I  ■  W  (I  -  B,)  f 
o  f 


(35J) 


(36J) 
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so  that; 


With  those  new  voriables,  Equotions  31 J  and  32J  become 

(u|'  -  u')  -  u  z  0  (37J) 


+  u  +  Kg  =  0  (38J) 

where 

C  (L  -  W  )g 

'b  'sc  - 


Of  special  interest  in  this  arwiysis  is  the  case  where  the  wing  lift  is  equal  to  the 
weight  of  the  system,  as  indicated  earlier  in  this  paper.  When  L  ■  W  ,  then  Kg  =  0 
ard  we  see  that  Equation  31J  and  32j  will  have  single  parameter  only,  ?ne  initial  non- 
dimensional  contact  velocity,  which  is 


Equations  37J  and  38J  can  be  solved  simultaneously  to  give  a  single  equation  in  one 
variable.  Rewrite  Equation  37J  as 


where  the  positive  root  must  be  used  since  the  equations  of  motion  are  applicable  only 
for  positive  strut-stroke  velocity,  and  this  implies  that  (u^ '  -  u')  must  be  positive. 
Differentiate  Equation  40J  with  respect  to  0^.  Then 
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u,  -  u*'  =  ;:  u  u' 


I  -1/2  , 


Solve  Equation  38J  for  u^ ''  orxJ  substitute  In  Equotion  41 J.  This  gives 

u"  >  u  4  iu’’^u’  +  Kg  =  0  (42J) 

c.  Trortsformotlon  of  the  Equotlortf 

In  order  to  obtain  Equation  42J  In  a  form  more  amerxjble  to  solution,  use  the  following 
transformation: 

“  :  '<  (43J) 

Then  Equation  42J  moy  be  written 


J  -L^  +  K  .  0 

d0,  d^  ^  2Y  d0^  ^  S  ° 


Apply  the  transformation 


d  or 

2  Y(or) 


2Y(  0^) 


The  final  equation  obtained  is 


^  ^  +  2K  Y  +  2Y^  :  0 

,2  dx  0 

dx 


To  determine  the  initial  conditions  for  this  equation,  rewrite  Equation  46J  as 


By  substituting  Equation  43J,  it  can  be  seen  that 
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du  dY 
^  ■  d7 

Therefore,  ihe  iniliol  condiiiom  ore: 
for  X  r  0 


(48J) 


(49J) 
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6.  Solution  of  the  Tronsformed  Equotion 
a.  Considerotions  Necessory  to  Obtoin  a  Solution 

An  exact  analytical  solution  for  Equation  47J  is  obtainable  only  for  a  specific  value 
of  Kq.  An  equation  similor  in  form  to  Equation  47J  for  which  a  solution  is  known,  is 

D 

dx 

where  H  is  an  arbitrary  constant.  This  is  a  special  case  of  an  equation  studied  in 
Reference  37.  It  is  apparent,  then,  that  the  solutian  af  Equation  47J  is  identical  to 
the  solution  of  Equation  50J  with  the  values  K„  z  1/V  and  H  =  1. 

D 

For  any  given  landing  gear  configuration,  this  value  of  Kg  implies  that  only  one 
value  of  wing  lift,  L  W  ,  will  suffice.  As  was  indicated  earlier  in  this  paper,  for 

most  landings  L  =  W  ;  and  in  general  tfx»  value  of  wing  lift  will  not  satisfy  the 
condition  that  Kg  =  P/9.  However,  it  will  be  shown  thal  with  other  values  of  Kg, 
Equation  50J  has  solutions  reasonably  representative  of  the  solutions  of  Equation 
47J  for  certain  values  of  initial  conditions  and  the  parameter  H. 

A  device  sometimes  used  in  nonlinear  mechanics  is  to  replace  a  nonlinear  spring 
or  damper  system  by  an  equivalent  system  which  will  have  an  equal  absorption  of 
energy  within  the  range  of  the  variable  which  is  of  interest  as  shown  in  References  4 
and  5.  Usually  this  method  is  used  only  when  the  nonlinear  equotion  is  a  small 
perturbation  from  a  corresponding  linear  differential  equation,  so  that  the  nonlinear 
terms  may  be  replaced  by  equivalent  linear  expressions  which  may  then  be  handled 
analytically.  In  Equation  47J  the  nonlinearity  is  so  large  that  equivalent  lineari¬ 
zation  results  In  solutions  for  landing  impacts  that  are  greatly  distorted.  Since  an 
analytical  solution  to  Equation  50J  is  available,  in  this  case  the  energy  consider¬ 
ations  may  be  equally  useful  in  replacing  the  linear  and  cubic  terms  in  Equation  50J 
by  equivalent  linear  and  cubic  terms  with  coefficients  adjusted  to  those  in  Equation 
47J.  Considering  these  expressions  as  spring  forces,  the  energy  stored  within  the 
springs  is  the  integral  of  the  force  with  respect  to  the  displacement.  For  this  study 
the  primary  interest  is  in  the  transient  response  during  the  first  half  cycle  only;  so 
if  the  maximum  value  of  displacement  in  this  interval  is  designated  by  Y  the  energy 
relationship  between  the  actual  and  equivalent  spring  Is 


(51 J) 
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where 


Y  >/2 

m  m 

The  determination  of  the  volue  of  u  is  to  be  discussed  later  in  the  section  entitled 
"Qualifications  of  the  Solution."  Since  the  other  constonts  ore  fixed,  H  must 
be  adjusted  to  sotisfy  the  cortdition  of  equal  ervjrgy.  By  performing  the  integrotion, 
the  following  expression  is  fourxl 


For  a  volue  of  H  thus  determined,  Equations  50J  ord  47J  rrxay  be  considered  os 
equivolent . 

b.  Derivotion  of  the  Solution 


The  solution  to  Equotion  50J  moy  be  determined  os  follows:  Let  differentiotion 
with  respect  to  x  be  denoted  by  prime  marks  above  symbols.  Then  Equation  50J 
becomes 


II  I  2  2  3 

Y  +  Y  +  TT  Y  +  2H  Y  r  0 


(53J) 


2x/3 

Multiplying  through  by  e  ond  orronging  terms.  Equation  53J  may  be  written  as 

(  K  |V  f  (  V  .  1y  =  -  2HVe2^/3  ,54J) 

This  equation  may  be  rewritten 


Multiply  through  by 


to  obtain 


|^,V3  (V  +  |y)]  d[e2’‘/3^Y+|Y)^ 


(55J) 


-2H2(Ye^/^)'  (W|Y)e^/'d: 


(56J) 
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Equation  56J  may  be  integrated,  and  the  resulting  expression  is 


where  constant  of  integration.  Take  the  square  root  of  both  sides  and 

solve  for  Hcj 


If  a  quantity  y  is  defined  os 


then  substitution  of  Equations  60J  ard  61J  into  Equation  59J  results  in  the  expression 


ASD  TR  61-177 


289 


dt 


-^Hc.e  z  /  '  A . 

VI  +  sin^f 


This  may  be  written  in  elliptic  integral  form  as  follows 


(62J) 


0 


\  ..  -x/3.  /  df 

3  1'  ■■  /  Tl, — 7^ 

Oq  VI  -  k  sin  f 


where  k  z  “1  is  the  modulus.  The  result  of  the  integration  may  be  written  in 
standard  notation  as 


(63J) 


=  F(  OA)  =r 


(64J) 


where  C2  is  a  constant  of  integration  and  by  definition 

sn  Y"  z  sinfj)  (65J) 

Therefore,  in  terms  of  the  Jacobian  elliptic  function,  Equation  64J  may  be  written  as 
f  u  ^  3Y  x/3 


The  solution  is,  then. 


V  1  -></3  f  U  ■ 

Y  .  3  C|e  sn  ,  (  '2  '  ^'^1® 

kz-1 


</3 


) 


(67J) 


Using  the  initial  conditions  from  Equation  49J,  the  constants  of  integration  may  be 
determined  as 


(68J) 


Cj  I  3yH7 


By  substitution  of  these  constants.  Equation  67J  becomes 


Y  z 


-x/3  ^ 

e  sn„  d 

( 

1  -  ) 

k=-l  _ 

(69J) 
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This  Is  Q  valid  solution,  but  the  modulus  usuoll/  is  tobuloted  for  positive,  reol 
values.  By  opplying  o  tronsformotion  to  the  modulus,  os  shown  In  Reference  15, 
Equotion  69j  may  be  written 


Y  •  /f  )] 

2 

where,  for  convenience,  the  modulus  k  =  1/2  Is  urderstood  to  apply  to  oil  elliptic 
functions  expressed  herein  unless  otherwise  stoted.  Since  u  z  Y^,  it  con  be  seen 
that 


“o  -2x/3  ,2 
u  =  2pr  "  sd 


3^2Hu  '  (  1  -  ) 


(71J) 


Keeping  in  mind  that  0^  is  defined  implicitly  os  a  function  x  by  Equation  45J,  then 
Equation  45J  may  be  rewritten  as 


-L 


0  =  /  2Y(S)d$ 

0 


(72J) 


where  the  limits  on  x  are  chosen  to  satisfy  the  initial  conditions  for  0^. 


Performing  the  indicated  integration,  it  is  seen  that 


®.  =  -H 


/r 


cd 


(I  - 


-  2-? 


Thus  the  solution  for  u(0  )  is  in  parametric  form  with  Equations  71 J  and  73J .  This 
form  is  convenient  for  oblalning  the  higher  derivatives.  The  solution  may  be  expressed 
in  explicit  form,  however,  as 


“f®.)  =  2^ 


3  y  ^Hu 


e 


sd^e 


(74J) 


where 


0  =  cd 


-1 


/rsin(  f  9,  .  ^ 


7  n 


k  =  1/2 


(75J) 


The  nondimensional  velocity  of  the  lower  moss  can  be  obtained  by  use  of  Equation  48J 
as 
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u‘{G  ) 


cde 

dnO 


{76J) 


For  design  purposes,  the  motion  of  the  upper  mass  is  also  of  interest.  The  non- 
dimensional  acceleration  can  be  obtained  from  Equation  38J . 


“I 


(77J) 


The  nondimensional  velocity  of  the  upper  mass  moy  be  derived  by  use  of  Equation  27 J. 


{78J) 


The  dimensionless  displacement  of  the  upper  mass,  may  be  obtained  by  graphical 
integiation  of  Equation  78J,  or  more  simply,  perhaps,  by  substituting 
Equation  40J  in  an  integral  relationship  as  follows; 


=  /  u,'(Y-)dr 


U  '‘(r)  -t-  U'(r)  d^ 


1 


t 


r)6T  +  u{0^) 


(79J) 


Then,  using  the  transformation  Equations  43J  and  45J,  and  selecting  limits  of  integration 
which  satisfy  the  initial  conditions,  it  can  be  shown  tiwt 


U|{x) 


u(  §  )d§  +  u(x) 


{80J) 
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Then  Uj(0  )  i$  available  in  parametric  form  with  Equation  73J .  However,  using 
Equations  wj  and  71J  the  following  expression  may  be  derived: 


ln(dn  Y*  )  - 

where 

r  :  ayiHiPO  - 

z  F(*ll/I<)  incomplete  elliptic  integral  of  the  first  kind 
(i  z  amy  =  amplitude  of  T 

E(  y)  ;  E(l)/I<)  incomplete  elliptic  integral  of  the  second  kind 

The  integral  term  of  Equation  81 J  may  be  evaluated  graphically,  and  the  result  Is 
presented  for  convenience  in  Figure  162. 

c.  Qualifications  of  the  Solution 


Since  the  solutions  contain  the  parameter  H  which  is  a  function  of  u  ,  we  must 
fird  a  value  for  this  maximum  displacement  before  a  calculation  can  be  a^'^empted.  It 
may  be  indicated  that  the  actual  value  of  u  which  is  used  as  the  limit  of  integration 
in  Equation  51J  is  not  critical  with  respect  to  the  firal  solution.  This  limit  is  the  most 
logical  and  convenient,  but  any  good  approxirrxjte  value  for  u  will  suffice,  since  the 
spring  force-deflection  curves  will  be  negligibly  different  for  small  variations  in  the  limit. 
1  his  may  be  seen  from  Figure  163  where  the  effects  on  these  curves  are  very  srtxjll  for 
large  changes  in  u  .  A  very  good  approximation  for  u  as  a  function  of  u  '  maybe 
derived  using  only  Equations  52J  and  71 J  as  follows.  ^  ° 

The  solution  for  the  actual  maximum  value  of  u  would  require  the  evaluation  of 
Equation  76J  for  u'  i  0.  The  corresponding  value  of  8^  would  be  very  difficult  to 
obtain  from  this  expression.  For  purposes  of  this  paper  any  good  approximate  value  of 
u  is  sufficient,  and  Equation  71J  which  is  in  the  parametric  form  for  u  is  much 
simpler  to  work  with  as  follows: 

U  ^  2  ('  -  (82J) 

tc=l/2  ° 
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FIGURE  162  :  Plot  oftl^  Integration  of  the  Incomplete  Elliptic  Integrol  of  the  Second 

Kind,  E(v),  wifh  Respect  to  the  Argument 


DIMENSIONLESS  SPRING  FORCE 


FIGURE  163  :  Comparison  of  the  Acfuol  Dimensionless  Spring-Force 
Curve  and  the  Approximate  Spring-Force  Curves  for 
Various  Initial  Conditions. 
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Under  the  assumption  that  the  experiential  term  is  relatively  slowly  varying^  the 
value  of  the  argument  r  corresponding  to  u  can  be  found  by  differentiating 
sd(  r.\/2)  with  respect  to  V  ,  and  equating  the  result  to  zero  as  shown: 


^  «)(  y-,1/2)  :  ^  (y-,1/2)  =  0 
dn 

or,  since  the  dn(  ^,1/2)  is  always  finite 


(83J) 


so  that 


Y  =  cn"' (0,1/2) 


Y  =  K  1.85407.  .  . 


(84J) 


where  k  is  the  value  of  the  argument  at  the  quarter  period.  Substitution  of  this  value 
in  the  argument  of  Equation  82J  yields  the  result 


y  r  ayirtT  (I  -  :  K 

where  the  value  of  x  now  corresponds  to  the  value  cf  u 
imation.  From  Equation  85J  it  may  be  seen  that 


:  I  - 


K 


3/^ 


Noting  that 


(85J) 


u  in  the  first  approx- 
m 


(86J) 


sd^(K,l/2)  =  2 

Expressions  86J  and  87J  may  be  substituted  in  Equation  82j  to  obtain 


(87J) 


K 


-12 


m  "  H 
where,  from  Equation  52J 
Hr./ 


{88J) 


(89  J) 


m 
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From  Equotlons  88J  ard  89J  the  desired  opproximote  solution  for  u  may  be  obtained. 
However,  by  combining  the  two  equations  and  solving  for  u  '  o  more  explicit  expres¬ 
sion  may  be  obtoined  os  follows: 


(90J) 


This  equation  is  cosier  to  use  for  obtoining  u  os  o  function  of 
yields  good  ogreement  when  compared  with  tire  true  values  for  u 


164. 


u 

m 


o 


This  function 
os  shown  in  Figure 


The  degree  to  which  the  solution  obtoined  by  the  method  of  "equivoicnt  non- 
lineorizotion"  represents  the  solution  of  the  original  Equation  47J  depends  primarily 
on  the  proportion  of  energy  stored  by  the  linear  ord  cubic  spring  terms.  As  irdicoted 
before,  if  =  1/9  then  the  origiool  equotion  ord  the  equivolent,  Equotion  50J, 
becomes  less  representative  of  the  origiral  equation. 

It  moy  be  indicoted,  however,  that  this  limitation  is  primarily  concerned  with  the 
frequency  charocteristics  and  shape  of  the  response  curves.  The  energy  considerotions 
used  in  deriving  the  equivolent  nonlinear  spring  imply  that  the  moximum  deflection  of 
the  approximate  spring  system  will  be  close  to  thot  of  the  original  system,  since  the 
work  done  in  deflecting  the  springs  to  this  rrxaximum  position  is  the  some  for  either 
spring  system. 

The  energy  ratio  spoken  of  indicates,  then,  to  what  extent  the  shape  of  the 
response  curves  may  be  in  error.  This  ratio  of  energy,  r,  can  be  obtained  from 
Equation  51 J  for  the  case  of  K.  =  0,  as 

D 


or,  by  use  of  Equations  43J  and  52J 

2 

''  ^  9u 

m 

Since  u  is  known  as  a  function  of  u  Figure  164,  this  ratio  of  energy  may  also  be 
presented  as  o'  function  of  u  '  as  shown  In'?-igure  165.  Where  the  ratio  of  energy  stored 
by  the  linear  spring  is  a  smafi  fraction  of  the  total  energy  stored  in  the  springs,  the 
solution  would  be  expected  to  be  very  good.  From  Figure  165  it  can  be  seen  that  for 
r  >  1 /5  and  for  correspording  initial  conditions  u  '  ^  2,  a  more  quantitative  analysis 
of  the  solution  would  be  desirable. 


(91J) 


ASD  TR  61-177 


297 


■*  'A9y3N3  30  OliVy 


ASD  TR  61-177 


299 


7.  Evaluation  of  the  Anolytical  Solution 


0 .  Comporisan  with  Solutions  by  the  Runge-Kutto  Method 

Solutions  for  Equations  37J  arxl  38J  have  been  abtained  by  numerical  integration 
methods  in  Reference  19.  The  two  equations  were  solved  simultarwously  and  the  Runge- 
Kutta  procedure  applied  os  given  in  Reference  38.  These  results  were  thoroughly  checked 
for  a  few  specific  values  of  the  initial  conditions  and  may  be  considered  as  r>early  exact 
solutions  for  the  motion  of  the  system.  Therefore,  comparisons  mode  between  the  results 
piesented  in  Reference  19  arxl  the  solutions  obtained  in  this  paper  should  be  a  good 
indication  of  the  accuracy  of  the  aralytical  solutions. 

The  system  analyzed  in  the  reference  did  not  have  an  eccentrically  located  axle, 
sa  that  d  =  0  ard  no  normal  bearing  forces  were  developed.  Thus  for  these  solu¬ 
tions  there  were  no  friction  forces.  Other- constants  far  the  physical  system  are  presented 
in  Table  9.  Values  for  the  Jacobian  elliptic  functions  were  obtained  from  Reference  15. 

TABLE  9 


(Constants  af  the  Physical  System  Used  in  Appendix  J) 


A  ,  sq  ft  . 
o 

A^,  sq  ft  . 

A^,  sq  ft  . 

V  ,  cu  ft  . 
o 

P  ,  Ib/sq  ft 
o 

o 

Rj,  ft  .  .  . 

W  ,  lb  .  . 

o 

W  ,  lb  .  . 

u 


0.05761 

0.04708 

0.0005585 

0.03545 

6,264 

0.5521 

2,411 

131 


Ihe  dimensionless  displacement  and  acceleration  of  the  upper  mass,  and  the  di¬ 
mensionless  displacement  of  the  lower  mass  are  presented  as  functions  of  dimensionless 

time,  0  ,  in  Figures  1 66  and  167.  The  solutions  are  discontinued  when  (u  '  -  u')  = 
,  t  1 

o'  I  since  this  corresponds  to  the  time  after  which  s  becomes  negative,  and 

the  equations  of  motion  are  no  longer  applicable.  A  wide  range  of  u  '  necessary  for 

design  purposes  is  considered,  and  in  most  cases  the  agreement  between  the  aralytical 

solution  and  results  obtained  by  means  of  the  Runge-Kutta  procedure  is  good.  Note 

that  the  acceleration  of  the  lower  mass  is  not  presented  since  this  quantity  Is  of  little 
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FIGURE  166  :  Comparison  of  Solutions  for  Lower-Mass  Displacemenf  and  Upper-Mass 
Acceleration  Obtair>ed  by  the  Runge-Kutta  Procedure  and  from  the 
Analytical  Equation. 
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Imparfonce  to  the  designer,  and  the  corresponding  inertia  force  was  neglected  In  order 
to  obtain  Equations  37J  and  38J. 

Some  differences  ore  apparent  at  the  very  lowest  initiol  conditions  considered.  As 
was  indicoted  befare,  far  u  '  =  1  the  ratio  r  (Figure  165)  is  rather  large,  indicating 
that  the  linear  term  in  the  equivalent  spring  force  is  accounting  for  the  major  portion  of 
the  work  done  by  the  springs.  Therefore  the  method  of  equivalent  nonlinearizatian 
applied  to  the  transformed  equations  in  this  paper  is  approaching  the  case  of  equivalent 
lineorization  for  the  very  lowest  initial  conditions.  Linearization  is  expected  to  be 
impractical  in  the  solution  of  the  landing  impact  problem,  so  the  results  nxjy  be  less 
good  in  this  range.  However,  it  is  of  interest  that  the  orlgirral  Equations  31 J  ard  32j 
remoin  nonlinear  through  the  tronsformations,  even  though  Equation  53J  becomes  linear. 

b.  Comparison  with  Experimental  Data 

Reference  19  describes  experimental  drap  tests  canducted  with  a  conventional  oleo- 
pneumatic  landing  gear  which  clasely  represents  the  system  in  Figure  4  with  M  s  0. 

Data  abtained  from  these  tests,  in  which  a  value  of  wing  lift  equal  ta  the  weigVit  of  the 
test  model  was  simulated,  are  used  for  comparisons  with  the  theoretical  solutions  present¬ 
ed  in  this  paper. 

Application  of  the  transformation  Equations  35J  and  36J  enables  the  calculation  of 
the  displacements,  forces,  and  accelerations  in  dimensional  terms.  The  acceleration  of 
the  upper  mass  is  presented  in  Figure  168  along  with  the  corresponding  experimental 
data  for  the  impact  initial  condition  of  z  z  8.86  feet  per  second.  This  value, 
accarding  ta  data  from  Toble  9,  is  equivalent  to  the  dimensionless  parameter  u  '  r  2.39. 
The  ground  vertical  reaction  force  F^  is  presented  in  Figure  169  for  comparison  with  the 
experimentally  obtained  forces.  In  generol  the  results  ore  in  good  agreement.  The  small 
differences  that  appear  are  attributable  to  the  neglect  of  the  oir  pressure  force,  the 
omission  of  the  lower  mass,  to  differences  between  the  octual  and  the  assumed  tire 
characteristics,  and  to  experimental  errors. 

In  view  of  the  observed  good  agreement  between  theory  and  experiment  it  seems 
that  the  solution  presented  will  enoble  a  designer  to  determine  with  reasonable  accuracy 
the  loads  a  landing  gear  may  experience  and  thus  aid  him  in  preliminary  design  calcu¬ 
lations. 
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GROUND  VERTICAL  FORCE,  F  ,  LBS 
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FIGURE  169:  Comparison  Between  Theoretical  Results  and  Experimental 
Data  on  the  Ground  Vertical  Force  for  a  Typical  Impact. 
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8.  Apperxiix  Conclusions 


An  anolyfical  solution  hos  been  presented  for  the  equotions  of  motion  of  a  two- 
degree-of-freedom  nonlinear  system  repiesenting  on  airplane  and  landing  gear 
configuration  subjected  to  an  impact  load.  The  following  conclusions  can  be  made 
from  the  evaluation: 

1 .  The  friction  forces  developed  on  the  strut  bearing  surfaces  because  of  bending 
forces  applied  at  the  axle  may  be  included  in  the  equations  of  motion  without  adding 
ta  the  complexity  of  the  firtol  differential  equation.  It  Is  necessary  to  replace  the 
variable  distance  between  bearing  surfaces  by  an  approximote  mean  distance. 

2.  The  equations  of  motion  for  the  system  may  be  transformed  to  an  equation 
which  closely  resembles  one  having  an  exact  elliptic  solution.  For  a  given  airplane, 
a  certain  value  af  wing  lift  during  larding  will  result  in  the  two  equations  of  motion 
being  identical,  ard  the  exact  solutions  will  describe  the  impact. 

3.  Since  in  ger>eral  the  wing  lift  force  is  approxirrxitely  equal  to  the  weight  of 
the  airplane,  a  method  of  "equivalent  nonlinearization"  must  be  employed  to  obtain 
the  equation  of  motion  in  a  form  amenable  to  solution.  The  equivalent  equation  is 
derived  on  the  basis  of  equal  energy  considerations  ard  the  major  nonlirvear  character 
is  retained,  thereby  presenting  an  improvement  over  the  usual  linearization  methods 
which  have  been  unsuccessful  in  this  problem. 

4.  Comparison  with  more  exact  solutions  obtained  by  numerical  integration 
methods  reveals  that  the  analytical  solutions  obtained  herein  are  very  accurate  witfiin 
a  wide  range  of  initial  conditions. 

5.  Comparison  with  experimental  results  indicates  that  rotwithstanding  the 
numerous  simplifications  made,  the  solutions  obtained  describe  the  motion  of  the 
system  adequately  for  design  purposes. 
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appendix  k 

COMPARISON  OF  ANALOG,  DIGITAL 
FLIGHT  TEST  RESULTS 
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1  .  Comparison  of  Anolog  Theory  ond  Flight  Test  Doto 


Taxi  test  data  from  a  dynamic  response  test  program  for  the  example  airplane  os 
delineated  in  Reference  22,  is  still  in  preliminary  stages  of  analysis.  Runway  rough¬ 
ness  data  fora  Wright-Patterson  AFB  runway  was  measured  by  ASD  for  the  test  program. 
Comparisons  of  theory  and  preliminory  test  data  from  that  runway  are  of  interest  to 
indicate  whether  the  general  levels  of  load  are  in  agreement. 

The  anolog  anolysis  results  and  flight  test  dota  for  strut  force  on  the  exomple 
oirplone  are  compared  in  Figure  170^  and  relatively  good  agreement  is  indicated. 

From  a  fatigue  loads  point  of  view,  the  differences  in  local  variations  in  the  load 
spectra  may  be  unimportant  in  general,  as  long  os  the  average  power  at  the  low 
frequency  end  is  the  some.  The  next  figure  substantiotes  this  point.  Figure  171  com¬ 
pares  the  gear  load  occurrences  from  the  previously  discussed  test  dato  and  the  anolog 
linear  and  nonlinear  arwlyses.  All  three  curves  assume  a  symmetrical  Gaussian  dis¬ 
tribution  of  amplitudes  as  derived  from  Equation  5D  in  Appendix  D.  The  linear  analysis 
agrees  with  the  test  data  In  shape  of  the  distribution,  but  the  nonlinear  analysis  agrees 
better  In  average  occurrence  level  over  a  range  of  load  that  should  include  about  96 
percent  of  the  data.  A  more  complete  collection  of  the  test  data  being  processed  is 
needed  before  any  more  definite  statistical  conclusions  can  be  made. 

Figures  172  and  173  are  of  general  interest  for  comparison  of  center  of  gravity 
accelerations.  The  response  of  the  test  oirplone  over  the  LaGuardia  runway,  as 
determined  from  the  orolog,  is  compered  with  experimental  data  and  other  analog 
arolysis  data  from  Reference  1 1 . 

Average  peak  acceleration,  Z,  is  defined  as  in  Reference  1 1 , 

Z  =  \/T  (T^ 

where  Is  the  c.g.  acceleiat'on  r.m.s.  level.  The  response  over  the  LaGuardia 
runway,  wiich  doesn't  have  a  particularly  smooth  profile,  shows  up  about  as  would  be 
expected  in  the  figures. 
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TAXI  SPEED,  KNOTS 

FIGURE  173:  Effect  of  Taxi  Speed  on  Acceleration 


2.  Comporison  of  Anolog  and  Digital  Power  Specrral  Anolysis 

One  of  the  analog  fime  histories  of  strut  force  was  tabulated  and  converted  to 
digital  form  on  tape  for  IBM  704  processing.  The  digital  program  is  essentially  com¬ 
posed  of  the  equotions  for  power  spectral  density  analysis  as  given  in  Refeiences  23. 

The  comparison  of  anolog  and  digital  power  spectra  is  shown  for  the  strut  force 
in  Figure  174.  Considering  the  differences  in  basic  techniques  involved,  the  results 
are  in  remarkably  good  agreement. 

The  power  spectra  of  the  runway  amplitudes  in  the  time-plane  are  a  function  of 
the  taxi  speed  as  shown  by  Equation  77  in  the  text.  Therefore,  the  runway  amplitude 
spectra  con  be  converted  to  the  space  frequency-plane  as  shown  in  Figure  175.  The 
results  are  synthesized  by  taking  mean  densities  from  4  power  spectra  calculated  at 
speeds  of  22,  44,  66,  and  88  fps. 

A  comparison  is  frwde  with  the  spectrum  for  the  LaGuardia  runway  number  5L 
as  computed  by  digital  methods  in  Reference  25.  The  agreement  is  very  good  at  the 
low  frequency  and  of  the  spectrum.  Some  attenuation  is  apparent  at  the  high  fre¬ 
quency  end  of  the  analog  results.  This  may  be  attributed  to  the  differences  in  spectral 
analysis,  or  to  some  loss  in  high  frequency  content  of  the  runway  as  recorded  on  tape 
for  the  aralog  analysis.  Some  differences  may  occur  as  a  result  of  the  prewhitening 
procedures  used  by  NASA  in  Reference  25,  since  the  analog  used  electronic  pre¬ 
filtering  techniques.  Also,  the  analog  analysis  is  made  on  the  runway  derivatives, 
q,  rather  than  the  amplitudes,  q,  using  relationships  similar  to  those  appi ied  in 
Reference  12.  It  is  assumed  that: 

The  mathematics  of  the  problem  should  be  examined  more  thoroughly  for  random 
functions. 


Regardless  of  the  above  small  differences,  the  root  mean  square,  (J* ,  of  the 
runway  amplitudes  are  negligibly  different  in  either  case  as  indicated  on  Figure 
175.  Tl.ij  results  because  the  formula  for  O' ,  (Equation  4D  in  Appendix  D),  Is 
predominantly  dependent  on  the  lowest  frequency  amplitudes  where  the  two  spectra 
agree  in  magnitude. 

The  statistical  reliability  of  the  power  spectral  density  calculations  is  dependent 
upon  the  method  of  analysis  and  upon  specific  parameters  involved  in  the  calculation. 
A  more  detailed  technical  discussion  of  reliability  estimates  is  given  in  Reference  23, 
but  a  few  useful  values  will  be  summarized  herein. 


Given  a  stationary  random  data  sample  0.j.  seconds  induration,  the  total  number 
af  readings,  n  ,  can  be  calculated  from 
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FIGURE  174  :  Comparison  of  Output  Power  Spectra  from  Analog  and  Digital 
Methods  Applied  to  a  Common  Time  History  of  Tire  Force 
(Single  Gear) 
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FIGURE  175  :  Comparison  of  [-(unway  Power  Spectra  from  Analog  Computer 
with  NASA  Spectra!  Calculations  for  Laguardia  Runway 
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n  z  0  /  At 

o  T 


where  £^\  is  the  sampling  interval  In  seconds.  If  m  is  defined  as  the  number  of 

uniformly  spaced  points  over  the  frequency  range  at  which  the  power  estimates  are 

desired,  then  the  number  of  statistical  degrees  of  freedom,  k  ,  may  be  computed 

o 

as 


n  -  m  /5 
,  _o _ o 

o  "  m  /2 
o 

The  confidence  limits  corresponding  to  the  power  spectral  amplitude  of  interest 
can  then  be  determined  by  applying  k  In  Figure  176.  The  envelope  shown  in  the 
figure  corresponds  to  the  limits  within  which  90  percent  of  the  power  estimates  will 


The  probability  density  of  values  is  chi-square  distributed  (as  defined  m  Reference 
10)  arourd  the  mean  power  density  for  small  values  of  k  .  However,  as  k  increases, 
the  estimates  become  symmetrical  and  approach  a  Gaussian  distribution.  iJsual 
engineering  practice  is  to  maintain  k  on  the  order  of  100  or  greater  if  possible, 
although  allowable  sampling  rates  sometimes  prevent  this. 


The  digital  computer  examples  shown  herein  may  be  summarized  as  follows: 


Figure  174, 

At  z  1/8  sec,  n  cs  500,  m  z  25,  k  s:  40 
0  0  0 

Figure  170 

At  z  1/40  sec,  n  ^  9600,  m  z  99,  k  ^  97 
o  o  o 
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FIGURE  176  : 


Estimotes  of  Reliability  for  Power  Spectrol  Amplitudes 
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